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This elementary text-book on Ordinary Differential 
Equations, is an attempt to present as much of the 
_ subject as is necessary for the beginner in Differential 
Equations, or, perhaps, for the student of Technology 
who will not make a specialty of pure Mathematics. 
On account of the elementary character of the book, 
only the simpler portions of the subject have been 
touched upon at all ; and much care has been taken 
to make all the developments as clear as possible — 
every important step being illustrated by easy examples. 
In one material respect, this book differs from the 
older text-hooka upon the subject in the English 
language : namely, in the methods employed. Ever 
since the discovery of the Infinitesimal Calculus, the 
integration of differential equations has been one of the 
weightiest problems that have attracted the attention of 
mathematicians. It is not possible to develop a method 
of integration for all differential equations ; but it was 
found possible to give theories of integration for certain 
classes of these equations ; for instance, for the homo- 
g&neous or for the linear, differential equation of the 
iirst order. Also, important theories for the linear differ- 
ential equations of the second or higher orders, have 
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beeu developed. But all these special theoriea of in- 
tegration were regarded by the older mathematicians aa 
different theoriea based upon separate mathematical 
methods. 

Since the year 1870, Lie has shown that it is possible 
to subordinate all of these older theories of integration 
to a general method, : that is, he showed that the older 
methods were applicable only to such differential equations 
as admit of known infinitesimal transformations. In this 
way it became possible to derive all of the older theories 
from a common source : and at the same time, to develop 
a wider point of view for the general theory of differ- 
ential equations. 

Only a very small part of Lie's extensive and im- 
portant developments upon these subjects could, however, 
be presented in a text-boob intended for beginners. The 
memoirs published by Lie on differential equations are 
to be found in the " Verhandlungen der Gesellschaft 
der Wissenschaften zu Christiania," 1870-'74; in the 
Mafkeinatiscke Aimalen, VoL IL, 24 and 25; and in 
his Vorlesiiv^en iiber DifferentialgleiGh'ungen mii Bc- 
lawnten Injinitesimalen Transformationen, edited by Dr. 
G. Scheffers, Teubner, 1891. Besides these sources of 
information, the writer had the advantage of hearing, 
in 1886-87, at the same time with Dr. Scheffers, Prof. 
Lie's first lectures upon these subjects at the University 
of Leipzig. 

All the methods, depending upon the theory of trans- 
formation groups, employed in Chapters III.-V., and 
IX.-XII. of this book, are due exchisivdy to Prof. Lie. 

Lie has also developed elegant theories of integration 
for Clairaut's and Kiccati's equations, as well as for t 
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geoeral linear equation with constant coefficients ; but, 
aa an exposition of these theories requires a more ex- 
tensive preparation than it was considered advisable to 
give in a purely elementary text-book, the author deter- 
mined to follow, in the treatment of the above-mentioned 
equations, the older methods^hoping to present Lie's 
methods for these equations, as well as some of his 
more far-reaching theories, in a second volume. 

In the preparation of this book the author has made 
free use of the examples in the current English text- 
books: and he is under special obligations to the works 
of Boole, Forsyth, Johnson, and Osborne. The treatment 
of Riccati's equation, Chapter VII., ia substantially that 
given by Boole. 

The arrangement of the matter will be found sufBc- 
iently indicated by the table of contents ; and an index 
is given at the end of the hook. 

The articles in the text printed in small type may 
be omitted by the reader who is going over the subject 
for the first time. 

JAMES MORRIS PAGE. 
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THE GENESIS OP THE OEDINABY DIFFERENTIAL 
EQUATION IN TWO VAEIABLES. GEOMETRICAL 
INTERPRETATION. 

1, In the first section of this Chapter, we shall 
explain what ia meant by an ordinaiy differential 
[ equation in two variables, and show how to derive a 
I differential equation from its complete primitive. 
I In the second section, we shall show how ordinary 
I differential equations in two variables may be interpreted 
jeometrically. 



Primitive. Order and 

Differential Equate 



2. An equation of the form 



of an Ordinary 



«K!/)-0 (1) 

IB ordinarily used to express in algebraic language the 
fact that one of the two variables x and y is a function of 
the other. If this equation also contains an arbitrary 
constant c, its presence is indicated by writing the equa- 
tion in the form 

.•(x,y,c)=o (!•) 



By difFerentiating (1"), we obtain 



■■(2) J 



15- 
wh 
; 



and the constant c may have been removed by the pro- I 
cess of differentiation. If, however, (2) still contains c, 1 
it may he eliminated by means of (1') ; so that we find, ] 
either immediately after the differentiation, or after the j 

elimination, an equation involving x, y, and -,— , of 
general form 

K-^.l)-" ('>| 

If we make use, as we shall often do, of the customary ' 
abbreviations, 

, dy „ ipy ,„. d"y 

^ -dx' ^ ^dic^' ■■■■ ■^ -(&"' 
the last equation may be written 

Fix,y,y') = 0; (3)1 

and (3) is called an ordinary differential equation of 9 
the first order in two variables. 

3. If the equation (1) contains two independent arbi- 
trary constants, so that it may be written in the form 

u,{x,3,c,d) = 0,. (I-')] 

(c, d, conate.) ; 
two successive differentiations of (1") will give 
equation containing y", from which, by means of (1") 1 
and. the equation obtained from (I") by a first differenti- 
ation, both arbitrary constants, c, d, if they are still I 
present, may be eliminated. We obtain thus an equation [ 
of the general form 

r(x,y,y',y") = 0, (4) j 

which is called an ordinary differential equation of the ] 
second order- in- two variables. 
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4. The equations (1') and (1") from whicli the differ- 
intial equations (3) and (4) are obtained, are called the 

complete primitives of (3) and (4), respectively. It ie 
clear that if (1) contained three independent arbitrary 
constants it would give rise to a differential equation 
I of the third order; and, in general, we see that the 
' order of a differential equation, which is defined as 
that of the highest derivative in the equation, is 
the same as the number of independent arbitrary 
constants in the complete primitive. Thus, if the com- 
plete primitive contains n independent arbitrary con- 
stants, it will give rise to a differential equation of the 
71*^ order. 

The degree of a differential equation is the same as 
' the degree of the derivative of the highest order in | 
^ the equation, after the equation has been put into a ' 
I rational form, and cleared of fractions. Thus the 
I equation 

i is of the second order, and of the second degree. 

From what haa been said, it is seen that to find the 

f differential equaiion of the ■n"' order corresponding to 

a primitive containing n arbitrary conatants, it ia 

necessary to differentiate the primitive n times aucces- 

eively, and elim.inate, between the 7i-t-l equations thus 

\ obtained, the n arbitrary constants. 

The resulting equation will be the required differential 
equation of the «*^ order. 

5. The inverse process — usually involving one or more 
integrations — of findin g from a differentiid equation its 
complete primitive, is called solving, or integrating, the 
differential equation, and the arbitrary conatants, which 
were formerly made to vanish by differentiation and 
elimination, now reappear as constants of integration. 
When the equation thus obtained contains exactly n 

' independent arbitrary constants, it ia called the general 
I integral, or the complete primitive, of the differential 
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equation of the «.*'' order. Thus, if 

n^,y>y' !/<'")=o (5) 

be a differential equation o£ the n'^ order, its general 
integral will be an equation of the form 



•^ 



(0(3;, y, Cj, ..., c„) = 0, . 



..(6) 



I 



where the e^ ..., c„ are independent arbitrary conatanta. 
It may be noted that (6) is usually referred to as the 
general integral of (5), when (6) is considered as having 
been derived from (6); if, however, (5) ia considered 
as having been derived from (6), (6) is referred to as 
the compile primitive of (5). 

It is evident from the method of deriving from a 
complete primitive its corresponding differential equation 
that the general integral cannot contain more than 7i 
independent arbitrary constants ; for the general integral 
would then, being treated as a complete primitive, give 
rise to a differential equation of an order higher than 
the «'■^ 

6. If a special numerical value is assigned to each 
of the arbitrary constants, respectively, of a known 
general integral of a given differential equation, the 
resulting equation is called a particular integral of 
the given differential equation. Thus the particular in- 
tegral is free from all arbitrary constants of integration. 
For example, if the general integral has the form 



then the equations 



- 331-7 = 0, etc., 

tegrals of the given differential 




will be particular 
equation. 

7. We shall now apply to two simple examples the 
method of finding the differential equation corresponding 
to a given complete primitive. 
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Example 1. It is required to find the differential eqnatio 
BUie first order corresponding to the complete primitive 



•j: = 0,.. 



I 



■where e ia an arbitrary constant. 
By differentiation, we obtain, 

DT = ''^. 

BSeuce, from the first equation, 

dy^y 

This is the differential equation required. If we consider (8) bh 
given, and (7) as having been derived from it — by methods to be 
explained later — (7) ja called the general integral of (8). By 
asaigning to c in (7) different numerical values, different particular 
inUgraU are obtained. 

1 of 



...(B) 



a^+2aj:+y+2%=0. (a, 6, consts.) 

differentiationa, we obtain the equations 

ons, we find, 

8. It has been shown that to pasa from a complete 
primitive to the corresponding differential equation 
involves merely the processes of differentiation and 
elimination ; but since the atepa of an elimination 
cannot be retraced, it ia a matter of much greater | 
difficulty— if possible at all — to pass from the differen- 
tial equation toTEe corresponding complete primitive, 
or general integral. It wiU be our object to ^ow how, 
in a number or the simplest and most important cases, 
we may, from a given differential equation, deduce its 
general integral. 
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SECTION II. 

Geomeineal Interpretation of Ordinary Differential 
Equations in Two Variables. 

9. If the ordinary differential equation of the first 
order in x and y, 

F(x,y,y') = (1) 

be written in the solved form, 

„■ rfas) 
''~X^x.y) 

where X and Y are supposed to be one-valued functiona, 
it is clear that to any pair of values ascribed to x and 
y, a fixed value of y' will correspond. 

If we consider x and y to be the rectangular 
coordinates of a point in the plane, y' will represent 
the numerical value of the tangent of the angle made 
with the a:-axis by the straight line connecting the 
point {x, y) with the origin of coordinates. Now 
suppose the point (a;, y) to move a short distance in 
the direction given by y'; in the new position of the 
point, y' will generally have a new value. Suppose 
the point to move a short distance in the direction 
now given by y' ; in this third position of (x, y) there 
win be in general a third value ascribed to y': the 
point {x, y) can now be supposed to move a short 
distance in this last direction — and so on. By this 
means a figure will be traced of which the limit will 
be a curve of some kind, when the distances through 
which the point {x, y) is moved are indefinitely 
diminished. At every point on this curve the equation 

i/'-f (2) 

is satisfied ; that is, if 

».(i,y)=o (3) 

be the equation to this curve, the equation ti) = must 



iy 

>n 

3) ■ 

at ■ 
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be a particular integral of equation (2), or of the equi- 
valent equation (1). 

The curve traced by a point moving under the above 
restrictions is therefore called an integral curve of the 
ordinary differential equation (1). If we start from 
any point not on the curve (3), it ie evident that by 
proceeding as before we get a new integral curve. We 
might, for instance, take as successive starting points 
the points on the a;-ajds — provided that the 3!-axis does 
not happen to be itself an integral curve^-and it is 
evident that, in all, oo' different integral cui-ves would be 
obtained, one passing through every point of ordinary 

Eosition in the plane. These curves must be represented 
y an equation of the general form, 

co{a;,3/,c) = 0, (4) 

where c is an arbitrary constant, or parameter, which 
assumes different numerical values according as (4) is 
made to represent the different individual curves of the 
whole system of integral curves belonging to equation 
I (1). In other words, (4) is the general integral of (1). 
The (lifierential equatinn of the Srst order 




represents a system of «' straight lines through the origin. For 
2 is the numerical value of the tangent of the angle between the 
(is and the line joining the point {x, y) with the origin ; and 



I 
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aa y" gives the direction in which the point (jt, y) is to be moved, 
equation (5) aaserta that the point (x^ y) always moves on the 
Btraight line connecting that point with tlie origin. Since there- 
fore each point of the plane moves on one line of a system of 
atraight lines through the origin, equation (5) represents the family 
of co' straight lines 

'--'. (6) 



c being the arbitrary parameter, Tims (6) is the general integral 
of (6) : and the particular integrals are obtained by assigning to C 
different numerical values. 

10. Since the complete primitive, or the general 
integral, of a differential equation of the second order 
must contain two independent arbitrary constants, or 
parameters, it ia clear that this general integral, or, as 
we may say, the differential equation of the second order 
itself, represents geometrically a doubly infinite system 
of curves in the plane. 

Similarly, a differential equation of the third order 
represents a triply infinite system of curves, etc. 

Example. The ordinary differential equation of the second order 

y-o P) 

asserts that the curvature of the path along which the point {^, y) 
is to be moved is everywhere zero. Hence the point {x, y) must 
always describe a straight line, that is, the doubly infinite system 
" curves which satisfy the above differential equation must be the 
' Btraight lines of the plane 

y-m:c-n=0 (8) 

may at once be verified that (8) is the general integral of (7). 



EXAMPLES. 

Form the differential equations of which the following a 
complete primitives, a, 6, c being arbitrary constants. 

- (1) S-"- 

■ (2) j.»;+Vr+?. 



I 



■ (5)^=ae'*"'^'+taii-'x-l. 
(6) y=(ea:+]ogx+l)-\ 

(8) e=*+2fl.CT»+eS=o. 

(9) y=a«s+6j7. 
I (10) !,^ecoa(m^+b). 
j (11) 3/=:. log ^ 

l(12)y=«:'+^. 

I (13) y = ae»' + 6e-='+(Xr', 

[(I4)y=(a + &j; + -^)e' + c. 

I (15) Form the differential equatiou 
radii equal to r : 

I (16) Form the differential equatio 

equal to r. 

I (17) Find the differential equation of the family of straight linea 
which touch the circle 

^+y'=l ; 
and ahow that the circle itself also aatiafies the differential ' 
equatiou. The equation to the tangents is 

ax + by-l=0 
where the couataiite a and 6 must satisfy the condition 

c Beotions whose ^ 
[iuate axes : 
(M^+igi^—l. 

B'{19) Find the differential equation of all logai-ithniic spirals around 
the origin ; 



of the cc' circles haviug their 
of all circles having their radii 
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SIMULTANEOUS SYSTEMS OF OEDINABY DIFFER- 
ENTIAL EQUATIONS, AND THE EQUIVALENT 
LINEAR PARTIAL DIFFERENTIAL EQUATIOSa 

11. We shall reserve for a, later chapter the con- 
sideration of the genesis of an ordinary differential 
equation in three or more variables, when that equation 
is obtained from a single primitive by methods similar 
to those of Chapter I. It will be necessary, however, to 
give in Sees. I. and II. of this chapter a few propositions 
relating to simultaneous systems of ordinary differential 
equations, and the equivalent linear partial differential 
equations, in order to develop in the next chapter aa 
much of the Theory of Transformation Groups as we 
shall need. 

The third section of this chapter is intended &a a 
si^plement to this chapter and to the preceding one. 
wk there indicate, for convenience of reference in. 
Chapter III., the method of integrating the simplest 
form of an ordinary differential equation in two variables, 
a problem which really belongs to the Integi-al Calculus ; 
and we also make a remark upon the integration of 
the simplest form of a simultaneous system in three 
variables. 

A theory of integration for the general simultaneous ■ 
system will not be given until Chapter XII. 
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The Si/mvltaneous System, of Ordinary Differential 
BquationH. 

12. Suppose two equations o£ the form 

U(x.y,z) = a, V(x,y,z) = b, (1> 



are given, where U and V are independent functions of 
X, y, z, and a and b are arbitrary constants. By difFer- 
entiating (1) we find 



"dx 



as resulting equations. 
But from the equatioi 
I the form 



..(2) 



I (2) we find that relations of 



dx 



dy 



dz 



^...(3) 



By 3s 3s dy 'dz "dx 'dx "dz "dx Sy 3j/ Zx 

must hold : and, if we denote the denominators of these 
ratios, which are known functions of x, y, z, by X(x, y, z), 
Y{x, y, z) and Z(x, y, z), respectively, the equations (3) 
may be written 

dx_dy_dz , . 

X~~Y~^ *•*' 

Thus the system of equations (1), treated as simultaneoua 
complete primitives, gives rise to the so-called simul- 
taneous syetem, of or(£nary differential equations of the 
first order, (4), 

13. This result in three variables is entirely analocoia 
P to that of Art. 2 in two variables. The differential. 
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equation derived in that article from one primitive of 
the form U{x, y) = a may, of course, be written in a 
foiTQ symmetrical with (4), 



dx 



_dy_ 



14. It ia obvious that the results of Art. 12 may be 
extended to n variables. 
If 



Pi(^i. x^. 









..(6) 



be a system of n — 1 equations in the n variables 
iBi, ...iXn, the Ui, ..., Un-\ being independent functions 
of those variables, and the ai, ..., (i„.i being arbitrary 
constants, the system of equations (5), being treated aa 
simultaneous complete primitives, will evidently give 
rise to a so-called aim-ultaiteous system of ordinary 
differential equations of the first order, which may be 
written in the form 




..(8) 



dx^ _ diCj _ _ dx„ 

x[~x^ x; 

Here the X^, ..., X„ are known functions of a^, ..., a!„. 

In the next section we shall see how the simul- 
taneous system in three variables may be interpreted 

geometrically. 

SECTION" II. 

Simultaneous Systems and the Equivalent Linear 
Partial Differential Equations. 

15. Equations are of frequent occurrence by means 
of which a relation between the several partial deriva- < 
tivea of a function of two or more variables is expressed. 
If / be any function of x, y, z, the general form of such 
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\ an equation, involving only partial derivatives of / of 
I the first order, and the variables x, y, z, will be 



FU,! 



'-^D-O' 



' 3aj' "by' ZzJ 

and if / be known, the values of its partial derivatives 
substituted in this equation must satisfy the equation 
identically. 

An equation which expresses a relation between the 
partial derivatives of a function of two or more inde- 
pendent variables — and which may also contain the 
independent variables themselves explicitly — is called & 
partial differential equation ; and the function /, whose 
partial derivatives satisfy the equation identically, is 
called the solution of the equation. 

The order and degree of a partial differential equation 
I are determined jnst as are the order and degree of an 
ordinary differential equation. A partial differential 
equation of the first order and degree is said to be linear 
of the first order ; the term linear having reference only 
to the manner in which the partial derivatives of the 
solution / enter the equation. 

Thus the general form of a linear partial differential 
L equation of the first order in n variables is 

^_ 






+...+x„= 



= 0, 



f the 



where the X^ X^ are certain known functions 

I independent variables x■^, ...,«„. 
' We shall hereafter limit ourselves to the consideration 
I of such partial differential equations as are linear and of 
I the first order ; since this class of equations is, as we 
, shall see, intimately connected with ordinary differential 

equations. 

16. The ordinary differential equation of the first order 

in two variables may be written in the solved form, 
dx _ dy 



Xi^.y) F(«,!,)' 



(1) 



and an intimate relationship may be shown to exist 
between (1) and the hnear partial differential equation 
in two variables. 



For, i£ w{x, y) = 
■differentiation , 



i the integral of (1), we find by 



..(3) 



, dy 



Now eliminating -i^ between (3) and (1), we find as 
a necesaary consequence of these equations the identity, 



3a; 



■dy 



0. 



That ia to say, if the equation 01(3;, y)=c ia an integral 
of the ordinary differential equation (1), w is also a 
solution of the linear partial differential equation (2). 

Conversely, it may be readily aeen that if the fuuction 
(d is a solution of the linear partial equation (2), k, = c 
will also be an integral of (1). Thua the equations (1) 
and (2) represent fundamentally the same problem, since 
to find an integral of (1 ) is the same as to find a solution 
of (2), and vice versa. 

17. If the general integral of a given differential 
equation of the first order (1) haa been put into the form 

Q(x, y) = c, (c = con8t.) 

we shall call the function Q(x, y) the integral-function 
of the given differential equation. 

It is a proposition of the Theory of Functions, which 
we shall here assume without proof, that an integral- 
function of a chfferential equation of the first order 
always exists, and that aU integral-functions of a given 
differential equation of the first order must be functions 
of any one of the integral-functions; that is, that no 
differential equation of the first order, (1), can have two 
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I 



pendent integral -functions. Thus if U and V be 
two integral- functions of a given differential equation 
of the first order, we must be able to express the one 
as a, function of the other, say 

From this it follows that if we know any integral of 
a differential equation of the first order, containing an 
arbitrary constant, we may regard all possible integrals 
of that equation as known * 

Also, since (1) always has an integral- function, though 
it cannot have two independent integral-functions, tie 
linear partial differential equation of the first order (2) 
must always have one solution, although it cannot have 
two independent solutions. The whole number of solu- 
tions of (2), or of integral-functions of (1), is evidently 
unlimited ; for if tu be a solution of (2), it is easy to 
see that any function of w, as ^(w), is also a solution 
of (2). 

For, substituting ^(w) in place of / in (2), we find 
.^r that equation 



diD\ ax ay/ 



-0; 



, but aa the expression in parenthesis is zero on account of 
I A) being a solution of (2), the left-hand member of the 
[ last equation is zero, that is, ^(w) is also a solution 

Since every solution of (2) is an integral function of 
[ (1), it also follows from this that the most general 
j integral of the ordinary differential equation (1) has 
I the form 

$(w) = eonst., 
[ where w is any integral-function of (1). 

*The fact that an ordinary (liffereut Lai equation always haa a general 
f integral le illustrated by the tj-pcH of integrablc equations, Chapter IV. , 
I M well as by the development, Art. ^2, of the general integral in a. 
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18. The linear partial differential equation in three 
variables has the foi-m 



X{x. 



''^x^ 



and it is easy to see that the same relation exists 
between (4) and a system of equations of the form 

dx _dy _dz 

T~T~~Z' 

that was seen to exist between (1) and (2). 

It is shown in the Theory of Functions that there 
are always two, and only two ind&pendevii functions of 
the form Uix, y, s), V{x, y, z), which, when written 
equal to two arbitrary constants a, h, respectively, 

U{x,y,z)=a. Vix.y,z)^b, (6) 

will give, when these equations are differentiated as in 
Art. 12, values for the ratios dx, dy, dz, which satisfy 
the simultaneous system (5), When the equations (6) 
are derived from (5) — by methods to be explained later — 
they are called the integrals of (5). 
By differentiation, we find from (6) 



« 

ion exists ^H 

irm ^H 

iS) fl 

>hat ther% ^H 

actions of ^H 

n written ^H 

oiy, ^ 



Btr, , 3D", 
^ 3^ 






-0, 



/ 



and these equations, by means of (5) may be written. 



But the last two equations show that the functions JJ 
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n 



and y, which in accordance with Art. 17 we shall call 
the integral-functions of (5), must be solutions of the 
linear partial differential equation (4), It ia thus obvious 
that any integral-function of (5) must be a solution of 
(4), and vice versa. Hence we see that (4) cannot 
have more than two independent solutions ; that ia, that 
every solution of (4) must be capable of being expressed 
as a function of any two independent solutions of (4). 

The whole number of solutions ia, however, unlimited ; 
for if U and V are solutions, it is easily seen that any 
function of IT and F, as $( U, V) is also a solution of 
(4). For, substituting # for/ in (4) there results 






WV^d^^ 



--%-^%) 



■Q 



but since U and V are solutions of (4), the expressions in 
the parentheses are zero; that is, the last equation is 
identically satiafied, or $( U, V) is a solution. 

Since the solutions of (4) are also integral-functions of 
(6), the most general integral of (5) has the fonn 

#([/■, 7) = const., 
where U and V are any two independent integral- 
functions, 

19. The equations of the preceding article, 

U{x,y,z) = a, V(x,y,z) = b, (6) 

represent two families of co^ surfaces in space ; these are 
the so-called integral surfaces of the simultaneous system 
(6). Also the system of equations (6) may obviously be 
said to represent a family of x^ curves in space— the 
curves of intersection of the two families of surfaces — 
each particular curve being obtained fay assigning a pair 
of special numerical values to the arbitrary constants a 
and b. One of these curves evidently passes through 
eveiy general point in space ; and at every general point 
P, on one of these curves, the equations (5) must be 
satisfied. That is to say, the tangent at the point P 




I 
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to the curve passing through that point muat have a ' 
direction of which the direction cosines are proportional 
^ X,Y,Z respectively. 

These co^ curves, at every point of which the equations 
(5) are satisfied, are sometimes designated as the char- 
acteriBtics of the linear partial differential equation (4), 
which is equivalent to the simultaneoios system (5). 



may suppose the equation 



Example. As a simple example, 
G) to have the forms 

x+y-\-t=a, a^+y=+2*=63 (8^ 

(a.fc'eonsts.) 

the first equation representing a system of parallel planea, the 
second a. system of concentric spheres around the origin. Thus the 
aimiiltaueous equatious (6') represent the oo' circles cut from the 
os' concentric spheres by the m' parallel planes. 

By the method ot Art, 12 we find the simultaneous system to 
which (6') give rise by differentiation in the form, 



.vdj;+ydy-\-zdz=Q ; 



rf^ 



; equivalent to the linear partial differential equatio 



I 



and it may be readily verified that the most general solution ot 
this partial differential equation has the form 

^{x+y^-z, jr'+/+j^. 

20. In a manner entirely analogous to that of Art. 18, 
it may be seen that the linear partial differential equation 
of the first order in n variables, 



where the X^, ..,, X„ are certain functions of x^. 



..(7) 
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repvesenta the same problem as does the simultaneoua 
system of ordinary differential equations 

ir^'i^ — X. ^ ' 

Also it follows from conaiderationa similar to those ot 
Arts. 17 and 18, that (7) cannot have more than «■— 1 
independent solutions. If these are of the form 

.[7i(iCi, ...,a!„), Ui{xi, ...,x,^, ..., U„.-i(xi, ...,cen), 

the tT's being put equal to arbitrary constants, 

U^ = Cj, .... tr„.i = c„.,, 
will give the integrals of (8). Moreover the moat 

Ceral solution of (7), or the most general integral 
ction of (8), has the form 

*([rj, P,,.,., Cn-i). 



SECTION III. 

Integration of Ordinary Differential EqvAitions in Two 
Variablea, in which the Variables can be separated 
by Inspection ; and of a Special Form of a Simul- 
taneous System in Three Variables. 

21. Although we are not yet ready to present any 
general theory of integi-ation of ordinary differential 
equations, it will be neceseaiy for us to call attention 
here to the fact that when the variables can be separated 
by inspection in an ordinary differential equation of the 
first order in two variables, so that the equation may 
be written 

dx _ dy 



X{x)-Y(yy 



..(1) 



its complete integration, which is virtually a problem 
ot the Integral Calculus, may be immediately accom- 
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piished. The general integral will have the form 

\m-\m"^'^ "* 

and (2) ia considered the general integral of (1), whether 
the functiona in equation (2) can be expressed in a 
form free from the Bign of integration or not. 

Of course the diSerential equations in which the 
variables may be separated by inspection constitute only 
a very small class of all ordinary differential equations 
of the first order in two variables ; but we shall see that 
the integration of these, tlie simplest possible difierential 
equations of the first order, will, in a future chapter, 
famish ua with the means of integrating whole classes 
of very complicated equations. 

Example 1. The ordiuarj equation in two variables 

may be ■written -iir+ — ^dy=0. 

The general integral will therefore have the form 

f -dx+ I -^^^y = const., 

which is seen to be log(j^) + .j;— y = conat. 

The given ordinary differential equation i! 
to the linear partial differential equation 

a-»)-I-(i+')»|-Oi 

aud it may at once be verified that if 




or any function of this function, be put in plac 
linear partial differential equation, that equation w 
identically. 

Example 2. Given the equation 



A 
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Here tbe variables a 



already separate, and the general integral is, 
ain~'a^+siii-'^ = a. («=conat.) 

arliitrary constant la itself an arbitrary o 



But a function 

atant : hence, taking the sine of both members of the laat equation, 

and replacing gin a by c, we Bee that the general integral may be 

written 

X'J\-s^+yJ\-x'=c. (c = const.) 

It may be readily verified tliat any function of the integral function J 

is a solution of the linear partial differential equation 

22. Similarly, if a given simultaneous system in three j 
variables has the very special form 

dx _ dy _ dz 
its integrah may alao at once be written in tlie forms 



(•J2_ f dy 



■ const. 



[dy _ (• dz 

]Y{y) ]Z{z] 



- const. 



Exam^e. The simultaneous system 
dx dy ds 



evidently has for its integrals 

log -F - logy = couaL, log y — log i = const. ; 
or, as they may he written, 

-=a, ■^=b. (a, 6 const.) 

It may at once he verified that any function $( -, - 1 ia a solution I 



of the linear partial differeutial equatic 
simultaneous system, 



equivaleut to the above I 
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the given 



23. It may, finally, be noticed that 
simultaneous system has the particular form 

dx dy _ dz _ 

X(^rY(^)- Z{x, y, z) ' 

and if the integral of the ordinary differential equation 
in two vaiiables, 

dx _ dy 
X(^)-¥{x,yY 
has been found, either by separating the variables, or by 
methods to be explained later, in the form 

U(x, y) = c, (c = const.) 

then the last equation may be used to eliminate either 
of the variables x or y, as may be desired for the 
purpose of integration, from X, Y, or Z. If, for instance, 
we find from the last equation 

y = 4>(c.x), 
the second integral of the given simultaneous system 
may be found oy integrating an ordinary differential 
equation in two variables of the foiTti 
dx ^ dz _ 
X(x, ^)~Z(x. ^,z)' 
where, of course, the value of <p in terms of x and c 
has been substituted in place of y. 

If the integral of this equation has been found in 
the form 

W(x,s,c)^b, (5 = const.) 

we now substitute for c its value U(x, y), finding the 
second integral required in the form 

The reader will bear in mind that the above is only 
very special form of simultaneous system in three 



^H 
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variables. A general theory of integration of such 
differential equations will be given later ; but it is 
convenient to notice these simplest forms now, in order I 
to make use of them in the next chapter. 

Example. Given the simultaiieoua system 
dx _dii _dz 



An inteirral of — = = — 

.r2 x)/ 

is found to be -=t'. 

Hence, in the equation ~t 

we may put for x, -. Thiia we find 

cdi/^dz 

of -which the integral ia =6. 

Now put for c its value, -, and we find aa the second integi-al I 



Of course thia result might have been oLt.iined directly from 



without any intermediate etepa. 
It may liadily be verified that any function of the form 

ia a solution of the liiiear partial differential equation 

which ia equivalent to the given aimultaueous syateiu. 
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EXAMPLES. 

Integrate the following ordinary differential equations of the first 
order in which the variables maj' be separated by inspection, giving 
in each case the equivalent linear partial differential equation in 
two variables, aoid verifying that the integral-function of the 
ordinary equation is a solution of the linear partial equati " 

(1) %=..f.. 

^ ' l+j;^l+y 

(3) l^'^-\-3y'^dx+{x^-y3?)dy^0. 

^^' 1+y l+x 

(5) Hina;cosydJ;=cosj:8inyrfy. 

(6) {\-\-f)dx^{y+4iTy%l+^^dy. 

(7) Bec'it:tanyrf^ + Bec^tanj:(tr = 0. 

Give the linear partial differential equations equivalent to the 
following simultaneous syatems ; integrate the simultaneous 
iystems, and show that any function of the integral functions of 
each simultaneous system is a solution of the corresponding linear 






partial equatioi 



dx dy dz 



(10) ii.a. * 

In (12) the symbol — is used merely to show that the coefiicii 

of ^ in the linear partial differential equation equivalent to (12) is 
zero. That partial differential equation is 

and since ^ does not occur at all, it is clear that .r is a solution of 

ax ' 

the equation : that is, j:=coust. is one integral of (13). 




CHAPTEE III. 

THE FUNDAMENTAL THEOREMS OF LIE'S THEOEY 
OF THE GROUP OF ONE PARAMETER, 

24, We propose to develop in the present chapter 
Buch of the propositions which Lie has established with 
reference to the transformation group of one parameter, 
as we shall need subsequently in the integration of 
ordinary differential equations. The theory of the 
group of one parameter in two variables is minutely 
explained in order to enable the reader to make use of 
the group as an instrument for investigation. 

For the sake of greater clearness, we shall generally 

limit ourselves to two variables in establishing the 

necessary fundamental propositions; but the method of 

. extending the results to n variables, in such cases as it 

is desirable, will be sufficiently indicated. 



Finite and Injlnitesimal Tranxfoi-mations in the Plane. 
The Givup of one Parameter. 

25. By a transformation of the points of the plane, we 
I anderstand an operation by means of which every point 
I of the plane is conveyed to the position of sonie point of 
f the same plane. 
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The general form of a tranaformation of the pomts of 
the plane is given by the system of equations 

^i=^{^.3/)> y^^i'{^,y) (1) 

where <f> and t/' are independent functions of x and y. 
We suppose here that the coordinate axes remain un- 
changed ; but every point of general position (a:, y) is 
conveyed to a new position of which the coordinates are 
^(ic, y') and ^^(x, y). If, now, (1) be solved in the fomi 

x=^ix^,y^). y=^{x^,y^), (2) 

a transformation is obtained which will evidently carry 
the point ^(x, y), yj^ix, y) back to its original position 
{x, y). The transformation (2) is thus aaid to be iiiverse 
to the tranaformation (1), 

The successive performance of the transformations (2) 
and (1) will evidently give a tranaformation of the form 

'c, = iC, ^1=^; 
and the last is called the identical transformation. This 
transformation, therefore, really leaves the position of 
the point (x, y) unchanged. 

26. Suppose that a family of x^ transformations is 
given by the equations 

3^1 = 0(^. 2/. a), yi^-^i^, y, <')■ (3) 

where a is a parameter which can assume oc^ continuous 
values. In general, then, it wUl not be the case that 
the performance of any two transformations of the 
family (3) successively upon the points of the plane will 
be equivalent to the performance of a third transforma- 
tion of the family (3) upon those points. For instance, 
the equations 

represent a family of transformations which do not 
possess the above peculiarity. For if 
x^ = a^-Xi, y^^yj 
be a second transformation of the family, we find, when 



THE GROUP OF 02f£! PARAMETER. 



27 



the two transformations are successively performed 
upon the point (x, y), that this point assumes a position 
given by 

But the transformation given by the last equations does 
not belong to the original family, of the general fonn^ 

x-^ = co'aRt.~x, yj — y. 
If, now, x^ = <f>{x, y, a), y-i — ^fr (x, y, a) 

be any given transformation of the family (3), and if 

iC2=0(iCi, y^, Oi), 3/2=V'(iCi, yv «i) 
be a second transformation of that family, then the 
transformation which results from perforaiing these two 

(successively evidently has the form 
■ !/2=V'{^(i^. y. «). •^{^' V' 1). «i}- 

if it happens that the right-hand members of these- 
equations have the general forma 

i>[^(x, y, a), i/'(^-, y, «), «i} = 0{a;, y. X(a. a,)}, 

\fr{<p{x, y, a), y!^(x, y, a), Oj) = \}f{x, y, \(a, a,)}. 

where X is a constant, or pai-ameter, depending upon a 

and cij alone, then the family of qo' transformations (3)' 

are said to form a finite coTitiniMus group. 

Expressed in words, this condition evidently ia thatf 
the result of performing BUoceesively any two trans- 
formationa of the family (3) upon the points of the 
plane must he equivalent to the result of performing a 
third transformation of that family upon those points. 

We Bhall add to the above, in the groupa which we ahall cunsider, 
the further condition that to every transformation with the para- 
meter a, of the family (3), we muat be able to assign a certain 
transformation of the family with the parameter a, euch tliat the 
latter transformation shall be the iiiverse of the former, a beiiig 
a function of a alone. From this further condition follows imme- 
diately that the family (3) must contain the identical transformation. 
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The above can hardly be considered as a new condition, however, 
for it will be seen to be satisfied eo ipso in the groups of which 
we shall make use ; and, in fact, this condition is altcayi satisfied 
40 ipso ill the groups which are of importance in practical invest!- 
Rations. 

Since the family of transformations (3) contains one 
arbitrary parameter, we call it, under the above con- 
ditions, ft group of one parameter] or, symbolically, 
a Gi. 

It is clear that the above definition of a G-^ is in- 
dependent of the number of variables ; that is, if in n 
variables we have od' continuous operations given which 
satisfy the above conditions, these co^ operations are 
said to form a group of one parameter. 

' 1. As an example of a group of one parameter, 
^. n two variabiea, we may take the faiuilj' of a:' traiislatioDa 
along the ^-axis given by the equations 

a:i = a-+a, y^^y (4) 

(a = parameter.) 

A second transformation of this family is given by equations of the 
form 

Xi=Xi+a-i, yi=y,. 

By eliminating ^i, ^i from these equations, we find 

and these last equationa evidently represent a transformation of 
the original family (4), namely, the transformation for which the 
parameter has the value (a -Fa,). Hence the family of translatioiia 
(4) form a ff, ; since we see that the effect of performing two of 
the transformations successively is the same as that of performing 
a certain third transformation of the family. Also to the trans- 
formation with the parameter a we may always aasigii one with 
the parameter — a, such that the latter is the inverse of the former : 
hence the fficontaina the identical transformation, which is obviously 
obtained in this case by assigning to the parameter the value a-a. 



Example 3. As a second eiample of a G, we may take the family 
of cc' rotations of the points of the plane around a iixed (loint, 
which we shall assume as the origin of coordinates. The well-tnown 
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latiouB to these rotations, as giveu in Aualytica! Geometry, are 



y,=ar8ina+ycoso, 
where a is the angle through which the radii vectors of the poiuts 
of the plane are turned. 



I 
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■^ 



A H«eond transformation of the family (n) i 



By eliminating x, and yi, 
*s=(«co8a-y8ina)i 



■,+J,oo 



find 



,a).i 



■1(00 



«,)! 



.«^-(J:Bina^ 
.,ino,)-,(.i, 
i(« + «,)-».in(o + o,). 

(o + O,)+J00B(O + O,). 

evidently represent a transformation 



Similarly, y^ —x sin 

But the last two equation 

of the family (6), namely the transformation for which the para- 
meter of the family has the value n + o,. Also tlie invite of the 
transformation with the parameter a is evidently the trausformatiou 
with the parameter —a. We further find the identical trans- 
formation in the family by assigning to the parameter the value 
a — a, or zero. Sence, according to the definition, the family of oc' 
transformations (5) form tt group of one parameter, or a O,. 

K 27. Suppose that a ffj is given by the equations 

p a!, = ^(a:,y, a), yi=y}^(x,y, a); (6) 

we shall show that under the conditions of Art. 26, the 
(?j always contains one infinitesimal transformation. 
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For, let Qg be the value o£ the parameter for which (6) 
gives the identical transformation, so that 

If, now, we assign to the parametur a a value which 
differs from «„ only by an- infinitesimal quantity, say 
<if)-\-Sa, the corresponding' transformation 

Xi^ = ^(x, y, a^+Sa), y-^^yp-ix, y, a^-^Sa) (6') 

will differ only infiniteaimally from the identical trans- 
formation ; that is, (6') will be an infinitesimal transfor- 
mation. 

By Taylor's theorem, 



a»n 



!ij« + - 



Sflo^ 



m^ 



Si'i/'fe. », «o)+ 



"d^jx, y, ap) ,^ , 3V(a;, y, ftp) Sa^ 



«^to+ 



or, from the above value of the identical transformation, | 



!^to+ 



3^it(a;, y, do) ^((^ 
172 + 



Thus we see that x-^, y^ really differ from x and y by 
infinitesimal quantities. 

If the coefficients of all powers of Sa up to the r"' 
vanish for alT values of x and y in the last equations, 
we introduce St = Sa' as a new infinitesimal quantity, and 
so obtain the equations of the infinitesimal transforma- 
tion in the general form 

x^ = x + ^ix.y)St + ..., y^=y+^(x.y)St+.... 

Here f and ij also contain a^ ; but since Of, is a mere 
number, it ia not necessary to write it explicitly in ^ 
and 17. 
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It is true that by this method for finding the infin- 
iteaimal tranaformation of a given ffj (6), it ia imposaible 
to aay whether the succeeding terms of the last equations 
involve integral or fractional powers of St ; this difficulty 
ia however avoided by a second method given below, 

SS. Let 3 fixed value e be aasigned to tlie parameter a in the &,, 

^i=<t-ia:,y,a), a',='/'(^,y,«),. (6) 

and auppoae that the corresponding tranafonnatioi], which we ahall 
deaignata aa the transformatioD (e), carries the point of general 
poaition P to the new position P[. Then, by hypothesis, the trana< 
roniiatioii in the O^^ (6) wliieh ia inverse to (e) will carry the point 
P] back to the position P. Now if the parameter of the last tirans- 
fortnatiou be designated by e, it ia clear that a transformation with 
the parameter e + Se, where & is an infiniteainjal quantity, will 
carry the point /", not exactly back to P, but to a poaition P which 
ia at an infinitesimal distance from P. If the traDsformationa {e) 
and (e+SB)be performed successively, the result must be equivalent 
to the performance of a third transformation of tlie family (6) ; 
one that will take the point P directly to the poaition i". But 
since the distance PP" is infloitesimal, the transformation which 
carries the point P directly to the position P is called an 
in^niteiimal transformation. 

The above geometrical coaaiderationa may be carried outanalyti- 
caliy. The first transformation is represented by 

x, = <j>(.v, }/, e), !/i = ^ix,J/,e); 
and the second by 

^=*(^i.yi.«+H y=V'K,yi.«+58X 

where we suppose (^, y), (xj, y,), and {of, i/) to be the coordinates 
of the three points P, ^'^, and /■" reapectively. The transformation 
which carries P directly to P is found by eliminating Xj, y, from 
the above equations : we find 

^ = ^(^(x,y, e), ^{x,y, e), ? + &), y'-V'I^C^.J, 0, H^,S^ e), e +&} 

Developing in powers of 6e, we have 

aj.|»(i.y,.) , i'(.',s,'li, i> . , 



3<,|^fei<,.), +<,x,,.,\ i| ,. 
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But since the trajiaformationB (e) and (e) are inverse, we have the 
identities, 

»-+i*<»,»,'),+(.«,J,«), i|, 

and the last two equations become 



/. j^ ^W'^'.y. 



35 
0. Vr(^,y,.),5i 



eg 



89+... 



nd it ia evident that these equations represent au hifinttcsimid 
tranflformatiou. 

It ia eaa^ to see that the coefficients of Se above do not vanish 
identically ; for they may be written 



respectively ; and if these expressions were identically zero, the 
equations (6) would necessarily be free of any parameter, which is 
contrary to hypothes' 



Since « depends upou e alone, the equatioi; 
transformation may evidently be written 




y=j; + ^(j-, y, e)& + ..., 




y-=j+7(j;,y,e)Se+-. 




and it is clear that every Qy in the plane 


contains at least one 



29. If i be a parameter, it follows from the last two 
articles that the general form of an infinitesimal trans- 
formation in two variables will be 



..(7) 



x^ = x-\-i(x,y)St-\-...\ 

yi=y+v(^.y)st+...) 

We shall, as usual, neglect higher powers than the 
first of the infinitesimal quantity St; and hence the 
increments which x and y receive by means of the above 
infinitesimal transformation have the forms 

Sx^i{x,y)St, Sy^,,{x,y)St fS) 
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It is clear that this tranafonnation assigns to every 
point {x, y) of general position, a direction through which 
it is to be moved, given by 

Sx i(x, y) ' 

and also a dintance through which it is to he moved, 
given by 






As far as determining a direction through which a 
point of general position is to be moved ia concerned, the 
infinitesimal transformation oflers an analogy to the 
ordinary differential equation of the first order in two 
variables (Chap. I., Sec. II), 

We can get a clear and fruitful idea of an infinitesimal 
transformation, if we suppose that we put all the points 
of the plane into motion simultaneously, by performing 
upon them the infinitesimal transformation (8) an in- 
finite number of times. In this manner a point {x, y) 
will assume a simply infinite number of continuous 
positions, which form a curve. The whole change of 
position of the points of the plane, since it is repeated 
from moment to moment, may be called a permanent 
motion, and may be compared to the flow of the 
molecules of a compressible fluid. 

If t represents the time, and we measure it from a 
I fixed point, say (=0 it is clear that the point of general 
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position (x, y) will, after the time t, arrive at a new 
position (a;,, j/j), where the coordinates x^, y^, are functions 
of X, y, and (. If ( increases by dt*, x^ and ^, will, by 
(8), receive the increments 

so that x^ and y^ may be found as functions of t by 
integrating the simultaneous system 

The iii-st of these equations has, as we know, an 
integral of the form 

U{Xj^, j/j) = eonst., 
and by Art. 23, the second equation has for general 
integral, 

F(3!j, yj) — t = const. 
Since at the time ( = the point {a\, y-^ must be at the 
fixed position {x, y), we must choose the arbitrary 
constants in the last equations in the forms 

^(^. y)y v{^' y) ; 

so that X,, 1/j are given as functions of t, x, and y, by 
the equations 

These equations obviously represent a G^, with the 
parameter t ; and that such must be the ca^e was clear, 
n priori, from the kinematic illustration. For, if in the 
time t the permanent motion carries the point (a;, y) to 
the position {x^, y^) — and in the time t, carries the point 
(^> Vi) '*^ ''^^ position (x2, y^) — it is evident that in the 
time i+^i the point (_x, y) will be carried to the position 

"We iaa,y clearly use either of tho symbols S or d, to indicate an 
iDSnitesiinaf incremant. Here we make uae of ci in order that the 
aimnltaneoua ayateni may appear in the usual form. 



...(9) 
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(itj, ^g) ; that ia to say, the successive performance of any 
two tranaformationa of the family (9), with the values 
t and t-^ of the parameter, is equivalent to the perfor- 
mance of a single transformation of the family, with 
the value (i+ii,) of the parameter. That ia, the tran&- 
forraations (9) form a G^. 

Thus we see that every infinitesimal transformation 
(8) in the plane belongs to a Gj of finite transformations 
(9) ; and the ff^ (9) may be said to be generated by the 
infinitesimal transformation (8), since (9) may be con- 
sidered as equivalent to the repetition of (8) for an 
infinite number of times. 

It may be shown by means of the Theory of Functions, 
that every group of one parameter in the plane contains 
one and only one, infinitesimal transformation. Thus 
we may consider the infinitesimal transformation as the 
representative of the Gy 

30. It is clear that a practical method for obtaining 
the infinitesimal transformation of a given Gj, is to 
assign to the parameter, in the equations to the finite 
trans fonnationa of the Gj, a value differing only by an 
infinitesimal quantity from that value which gives the 
identical transformation. 

Example 1. The equations to the C/, of rotatioiia, 



y,=j:sma+j/coaa, 
will obviously represent an identical tranaformation when the 
parameter a haa tne value zero. Thus, if we give to n a value S(, 
where 8( is an infiniteainial quantity, we should obtain the infini- 
teaimal trauBformation of the above &,. We find 

Xi=xcoBSt-ysai Zt, 

y, = rsinS(+ycoa8!; 
or, by a well-known trigonometrical reduction, 

The last equationa, therefore, represent an infinitmiauit rotation. 
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Example 2. Suppose the oo' traneforniatinns 
3?,=.r(, y,=y( 

to be given ; it is easy to verify tliat they fonn a group of one 
parameter. Also the identical transformation ia obviouBly given 
when the parameter t has the value 1. Hence, to find the iufiui- 
teaimal transformation, we aasign to the parameter the value I + 6(; 
and the infiuitesimal transformation of the above Oy is seeii to be 



31. Since transformationB of the uature of those which 
we have been discussing are certain operations, upon the 
points of tlie plane, which are independent of the coor- 
dinate axes, it is evident that if equations, representing 
a Gj, of the form 

«i=0(«. y. *). 3/i=V'(^. V' 0, (10) 

are given, these equafciona must atill represent a G^ when 
new variables are introduced. 

32. We shall now derive a very useful symbol to 
represent an infinitesimal transformation in the plane. 

If x^ = 4y{x, y, t). y^ = ^ix. y, t) (10) 

be the finite equations to a Gj, we can evidently consider 
any function of the form /(x-i, y-^ as a function of x, y, 
and t ; and for that value of t which gives the identical 
transformation, say for t=0, we must have a^=ic, yi = y, 
and hence fix-y, yj)=f(x, y). Since /(ic,, y^^ varies when 
t varies, we are led to inquire as to what increment, Sf, 
the function f{xj, y^) receives, when Xj and y^ receive 
their reepective increments, 

Sx^ = ei'^i.yi)St, Sy, = ,,{x„y,)St. 

We find 



THE GROUP OF ONE PARAMETER. 37 

' and this is the increment of the function /(a^, y^ under 
the infinitesimal traneformation of the G^. 

If i = 0, since then cc^ = x and yi = y, we must have 

From the form of this increment, it is seen at once that 
if we know what increment a function /(a;, y) receives by 
means of the infinitesimal transformation of a G^^, we 
may consider the infinitesimal transformation of the G^ 
to be hnovm, since the increments of x and y under the 
infinitesimal transformation are precisely the coefficients 



of ^ and ^ in the above expression for I 
is quite natural to introduce the symbol 



Hence it 



M. 



K 



I to represent the infinitesimal transformation 

x,==x + ${x,y)St, y^ = y+^(x,y)St. 
I Thus, when we speak of the infinitesimal transformation 

: mean the infinitesimal rotation 

x^^=x — y6t, y^ = y+xSt. 

We shall usually represent the above symbol for an 
infinitesimal transformation still more briefly by the 
I symbol U/', so that, of course. 



W-d". 



')!+'(-■ ^)|- 



Since the infinitesimal transformation of a given (?, 
I may be considered to represent the (?i, Art. 29, we shall 
often speak simply of the 6^, Uf. 

33. It is easy for the reader to convince himself that 
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an iofinitesiiual trannforniation in the variables x, y, z 
^that 19, a transformation by means of which these 
variables receive the increments 

Sx = i(x,y,z)6t, Sy = n{!'!,y,z)St, 6y = ^{x,y,z)St, 

may be represented by the symbol 



D'/-f{^.i/,s)^+^C 



'-dz 



and the remarks of Aiis. 29-32, mutatia mutandis, may 
at once be extended to thia transformation in three 
variables. Thus the above transformation assigns to 
each point of general position {x, y, s) a distance, 

through which it is to be moved; and a direction, given 

by 

Sx:Sy:Sz=i:r,:l 
The symbol of an infinitesimal trans fonnati on in n 
variables is obviously 

D7.f,(..,...»,.)^+...+ftK,-«.)|,; 

and the remarks of Arts. 29-32 as to the geometrical 
meaning of a transformation, etc., may also be extended 
to the transformation in n variables. 

34. The symbol U{x) means, put x in place off in the 
identity 

a? 

ftnd similarly for U{>j). It ia seen immediately that 
!7(x).f, my).ri; 



^f-("£ + - 
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35. If new variables x', y' are introduced into the 
symbol Uf, since 

3aj Z^ "dx ?fy' Zx' 



Uf becomes 









dy -by' -byy 



where ^ and jj are expressed in terms of a;' and y'. But 
the last expression may evidently be written 

»■/(»•, J,'). PM^+PCrtjf. 

The method of extending this result to n variables is 
obvious. 

36. We shall now see how convenient the new symbol 
for an infinitesimal transformation is. 

If the function /(iCj, t/,) be developed by Maclaurin's 
formula, we find, writing /j for/(3;j, y^. 

Now 

dt "Bail' dt 'dy^' dt ' 
and writing, as we may, the symbol d for the symbol 6 
to express an infinitesimal increment of x-i and yi, we 
have. Art. 29, 

Hence 
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But the last expression is exactly the symbol (//written I 
in the variables x^, y^ ; let us call this U^. Thus 

and this identity means that any function /j of tCj anu y^m 

S'ves, when totally ditterentiated with respect to t, Pj^J 
ut U-J is itself such a function ; hence 



f.^J|^..,.^,; 



dt' ~ lit 



U,{U,{ffJ)). 



and the law of formation of the coefficients in the | 
expansion (11) is now obvious. 

If we put t = in the coefficients of (11), then ic, and J 
y, are changed into x and y; also U^f becomes (//jl 
Vi(U-J) becomes U{Uf), etc. Thus we arrive at the] 
important expansion 

f(^i,v,)=f{'=.y)+{vf+^^V{Uf)+ (12) 1 

This holds, of course, when /j has the particular values J 
iBj, and j/j. Thus 






..(13)1 



and these are evidently the finite equations of the Gj of J 
which 

is the infinitesimal transformation. The equations (13)| 
are of course only another form of the finite equations 1 
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found, Art. 29, by integrating a aimultaneoufl aystem. 
The reader may readily see that the results of this 
Article may at once be extended, mutatis Tnutandis, 
to n variables. 

Exam,ple I. Suppose the iufiniteaimal transformation 



PW • -J, 


ffto) . », 


"(CM) ■-». 


"(CM) «-?. 


"(CfPW)) " a, 


trmcrd/m •-', 


(7(tr(lr(P(,)))), «, 


"(fCCfW)))- »■ 


Thu.,by(13), ^ ^^ ^ 


3» + l7s:3T4'- — 


j,-»+j— n-.J-i.-i: 


3'+X.£.3.4!'+-' 



I 



J'--'{i-r:Yr3+-)+j('-rs+iTAr4--)- 

Bj well-known developments of the Differential Caloulua, the 
last equations may be written 

Hence the (?, is the (?, of rotations, mentioned Art. 26. 
Example 2. Given 

to find the finite equations of the Oi. 

Here, proceeding as above, we find the expansions 



=^+j.^+j— gy+-=^e'. 
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SECTION II. 

Invariance of Functions, Gwrves, and Equations. 

37. Suppose, now, that we demand that a given 
function of x and y, of the form S2(a:, y), shall be 
invariant when we perform upon it the transformations 
of a given G^, That is, if the iuflnitesimal transforma- 
tion of the given 0^ be 

f/-f(«.j)|+.(«.»)|. 

and the efjuations to the finite transformations be 

x, = ^{x,y,t), y, = i.(x.y.t) (1) 

we demand that when, by means of (1), £2 is expressed 
as a function of x-,, y^, f} must be tlie same function of 
iCj, y^ that it was of x, y. Thus we mtist have, for all 
values of (, 

^{x„y,) = U{x,y), 
by means of (1). 

But, from (12) in Sec. I., the last equation may be 
written 

n{x,y)->r{u{Sl)-lr^U{U{U))->r... = n{x,yy, 

and we see that a necessary and sufficient condition that 
£i{x, y) shall be invariant under the (?, (1) is that 

U(n)^Q (2) 

If this condition be fulfilled, fl is called an invariant of 
theGi(l). 



I 
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The condition (2) may be written out in full 



I and this shows that S2 is a solution of the linear partial 
I differential equation in two variablea 



€-4 



= 0, 



Hence 
[ always 



or an integral-function of the equivalent ordinary diffei- 
ential equation 

dX' _ dy 

1~T 

ee that, by Art. 17, a Gj in two variables 
one invariant; and every invariant can be 

I a function of any one invariant. 

Example. The function 

i an invariant ul the Oj of rotations ; 
*l=^coBi-yain(, 

I For, from ths last equations, 

;i; = ,r,coai+y,sin(, 
j,=^,coa(-a',Bin(i 
I hence 

12(,r,y) = x'+j'=(j^,coBt+y,Bin()2+(y,co8!-j^iBiui)^ 
=;i:,'(ooa' ( + sin* t) +y,=(8in= ( + cos= t) 

I Hence li has the same form iu the variables x^, ^j, for all values of 
I (, that it has in tlie variablea x, y ; i.e., il ia an invariant of the O^- 
The infiiiiteaimai transfer oiati on of thia O^ is 

ad we raav at once verify the fact that D'(I1) = ; for 
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We see that the verification of the fact that 12 is au infariant ia 
much simpler when accomplished by meaiia of the infinitesimal 
transformation of the O^, than when accomplished by means of the 
fiuite transformations. 

38. Every point of general position in the plane 
tlescribes, Art. 29, a continuous curve when the infini- 
tesimal transformation of a given f?, is performed upon 
it an infinite number of times. We shall call this curve 
the path-curve of the point under the transformations of 
the (?j ; and it is obvious that each Gj may be said to 
have cc^ path-curves, one through each point of general 
position in the plane. 

The direction through which a point (x, y) is moved 
by a given Gj, of which the infinitesimal transformation 



Vf^i'. 



•?f^Jl. 



8 given, Art. 29, by 



y^ ti^, y) 
'^ ii^. y) 



Now if 0(3;, y) be an invariant of the G,, we saw that 
fj inuat satisfy the linear partial differential equation 

But this partial differential equation is equivalent to the 
<jrdinary differential equation 

i{x,y)dy-,,{x,y)dx = 0. 

That is, n must be an integral function of the last 
equation ; and the integral curves 

iJ(ie, 2/) = const. 

have in eaeh point the tangential direction 

dy^ fijx, y) 
dx $(x,y)' 



\ 



Hence an invariant, il(x, y), of a Gj in the plane, being 
■written equal to an arbitrary constant, will represent 
that family of oo* ciarvea in the plane which we call 
the path-curves of the Oy 

39. It should be noticed that any point, or points, in 
the plane for which 

are absolutely invariant under the infinitesimal trana- 
formation of the given 6■^, 



f'/.f 



•■dy 



since in these points x and ; 
crementa at all. 



do not receive any in- 



The infinitesimal trdiisformation of thii 0■^^ of 




partial differential equation 



must be a solution uf the lin 



s the integral-tunction of 
dx dy 



or of .c(l.v-hydy = i>. 

The integral-function of thia ordinary differentia! equation may 

obvionaly be aasumed to be 

Hence the path^carvet of the O^ that is, the curpea which the 
points of the plane describe when they are subjected to the trans- 
fonnationB of the Oi of rotations around the origin, are the circles 

Q^^+y^ — const. 
This was, of course, geometrically evident a priori. The origin is 
obviously an abaolutelj iuvariant point 



Example 3. Suppose the infinit< 




transformation 



!1ie invariant ia found aa the solution of 

s the integral-function of 

xdy — gdx=(i. 
9 integral- function ia obviously il = ~. Hence the path- 



n 
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of the (/j, of which j^^J+xy^ is the infinitesimal transformation, 
are the etiaijrht lines through the origin 

The absolutely invariant points are given by 

that is, a;=0. Thus the y-axia is an invariant straight line, which 
Gonsists of absolutely invariant points, 

40. A family of »' curves in tlie plane, considered as a, 
whole, may be invariant under the transformations of a 
given ff, in two ways ; each ciirve of the family may be 
separately invariant, when, of course, the family is, as a 
whole, also invariant ; or the curves of the family may, 
by meana of the transformationa of the G^ be inter- 
changed among each other, leaving the curve-family as a 
whole, however, still invariant. 

We have seen that the path-curves of a given Gj are a 
family of oo^ curves which is invariant in the first way, 
that is, each member of the family is separately invariant. 
Usually, however, when a family of x^ curves in the 
plane is invariant under the transformations of a given 
Gj, the individual members of the family are not in- 
variants, but are merely interchanged by means of the 
transformations of the Qy. 

Let 

i2(a:, ^) = const. 
be any family of curves in the plane, which, as a family, 
are invariant under a G^ whose finite transformations 
are given by the equations 

x-^ = <{>{x,y,t), y^ = \}^(x,y,t), 
whilst the infinitesimal transformation of the 0, is 




W.((^.yM+i(-.y>% 



've-family is to be invariant, the equation 



to the curves must, in tiie variables x.^, y^, have a 
functional form either identical with, or equivalent to, 
that in x and y; that is, the equation to the invariant 
family may be written, in the new variables, in the form 
ii(aTj, 7j)=const. 
Now we know that ^{p.(x, y)) = coust. represents the 
same family of curves that £2(a;, y) = conBt. does; hence we 
may write, as the condition that the family {l{x,y)=QoaBt. 
shall be invariant, 

"(ai,2/i)=*(n(^.?/))- 

If the left-hand member of this equation be developed 

by means of (12) in Sec. I., we find that a necessary and 

sufficient condition that the curve-family £2(3:, 3/) = const. 

shall be invariant, is that 

(7(J2(»,y)) = F(!!fe!/)). 

When a I'elation of this form holds, we sometimes say 
that the family of curves admits of the transformations 
of the Gy For the particular case that F(ti(a;, t/)) = 0, 
the above condition gives, as it should, the family of 
invariant path-e 



We 8ftw that the 




circJea, Art 3! 

(■■- 



are the path-curves of the (>, of rotations \ and hence, of course, 
they form a familj of curves which are invariant, under that 6', 
in such manner fna-t each curve is separately- invariant. But the 
family of cc' circles ia also invariant under the tfj, 
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I the equatioii to the circles, ■v 



a^i'+y,' = const. ; 

which ia ati eqaatioii of the same fuiictional fonn in x,, j/, that the 
original equation was in x, y. 

ThuE, hj means of the finite trauaformatioiiB of the &,, we see that 
the curve-family oa a, whole is invariant, while tlie individual 
membera are obvioiialy not invariant. We may at, once verify the 
i thing by means of the iuflnitesimal transformation Uf. For 



here 

U(n)= U(x'+f/'') = 2x . x+2y .!/=2(.v'+^^). 
In this case, therefore, 

U(a) = -2n, 
or the curve-family is invariant. 

Example 2. The family of straight lines 

adroit of the O, of rotations around the origin. This may be 
readily verified by means of the finite equations of the rotations. 
But the infinitesimal transformation is 



V'-'%-'^^ 



=^-l-l=Ii=+l. 



41. The results of Arts. 37-40 may be readily extended, 
mutatis mutaTidia, to three or more variables. 
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' ~'^ ''3^"" 

be the infinitesimal transformation of a 6, in three 
variables, the points, or curves, for which 

are absolutely invariant under the Gj. 

Also, the necessary and sufficient condition that a 
family of xi'8urfaces,n(a:,^, 2) = const, shall be invariant 
under the 0^ is that 

U(il)=F{ii). 

42. In a manner entirely anaic^ous to that of Art. 37 
it is seen that the necessary and sufficient condition that 
an eqitation of the form 

Q(x, y) = 
shall be invariant under a given Gj, Iff, is that the 
expression U{Q) shall he zero, either identically or by 
meaiis 0/ Q = 0. This condition may at once be extended 
to n variables. 

Eeamale 1. The equation Jisj'-+j'-l =0 is iiivariaut under 
tlie (/., 

3^ a/ 



c7--i'a: 



A'/ 



ence tbe condition for an invariant equation is satiefied. 
Example 3, The equation 

invariant under 



For here 



J 
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43. We ahaU uow find all eqtuttions of the general 
form Q = 0, which are invariant under, or " admit of," 
a given G^, Uf; and as this result ia very importa,nt for 
future use in more than three variables, we ehall develop 
it at once in n variables. 

If the given Gj, in the n variables x-^, .... x^, have the 
form 



m'^ivi^^ ^)-- 



\-u^^> 



^.), 



it might be possible that the fj, . . . , ^„, are such function 

that they all become zero by means of an equation which 
is invariant under the f?j. If we represent the equation 

by 

r2(a', 3.'„) = 0, 

it is true that in this case [2 = is an invariant equation ; 
but the system of values of the variables which satisfy 
ii = is not transformed at all. 

For instance, in two variables, the equation 

is evidently invariant under the Gj, 

inasmuch as the infinitesimal transformation of the Gj 
vanishes entirely when 3;^+^^ — 1 is zero; and the 
Gj does not transform at all the system of values of 
X and y, which satisfy the equation 
3:^7/^-1 = 0. 

We shall, in future, exclude from consideration an 
invariant equation which makes all the ^j, ..., ^„ iden- 
tically zero. 

Thus we may assume tliat one at least of the fj, .,., ^„ 
in Uf does not become zero by means of the equation 
fl = 0. Let us assume that £„ is not zero; then, by 



I 
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Art. 42, it is clear that if S] = is invariant under the 
infinitesimal transformation Uf, it will also be invariant 
under the ti'ansformation 



J7^| 






+ .. 






For, if t/'(ii) is zero, either identically, or by means of 
fi = 0, it is clear that F(fi), which is 1/(^1) divided by ^„, 
will also be zero, either identically or by means of d=0. 
Now the linear partial differential equation of the first 
order in n vaiiables, 

17=0, 

has {n — l) independent Holntions which are functions of 
a-j, . . . , x„, and which we shall designate as 



But if we consider ce^ in connection with these (ti — 1) 
independent functions, it is clear that the )( functions 

must also be independent. Otherwise we might express 
^„ as a function of y^, .... i/„_i, say in the form 

But, Art. 20, the last equation means that ic„ must be 
a solution of the linear partial equation y/=0 ; which is 
manifestly impossible, since for f=Xa this equation 
reduces to 1 s 0. 

Hence the n functions y^, ..., yn-i. -^n are independent, 
and we may introduce them as n new independent 
variables. By Art. 35, it will be easily seen that lythen 
assumes the form 



which is a mere translation. 

Hence, we may remark, incidentally, that by a proper 



WVARlAlfOE. 

choice of variables, evet'y infinitesimal tmusfoniiation | 
in^ be brought to the form of a mere translation. 
In the new variables the equation [2 = has the form 

F(y„...,J/«-i,ic„) = 0, 

and Xn can only occar formally in this equation. For if 
ic„ be really present, we might solve and find x„ in terms 
of y,, ..., y„-u so that the invariant equation will have 
the form 

F^3;„-*{yi, ...,2/„_i) = 0. 

But for this equation to be invariant under Yf, we 
must have F(F) zero, either identically or by means of 
F = 0. Now 

F(F)=r(a;''-*) = l; 

and hence we see that the variable x^ cannot occur in 
the function F. 

If now we return to our original variables and desig- 
nate the equation which is invariant under Uf hy 12 = 0, 
it is clear that fi raiiat he eapahle of being expressed as i 
a function of the (n—1) independent sdutiona ] 

^1. 3/2- •■■.?/«-i 
of the linear "partial differentml equation Yf=0, or of 
its eqwivalent equation Uf= 0. 

This is a result of much importance for our subsequent 
investigations. 

For the special case of three variables, it follows that 
to find the most general equation which is invariant 
under a given Gj, 

Uf.((x. y, ')%+<,{». y. ^)gAf(«, y. 2)|. 

it will be necessary to find two independent solutions of 
the linear partial differential equation of the first order 



I 



I 
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If these aolutions be v,(x. y, z) and i'{x, y, z), tlie moat 1 
general invariant equation will have the form 

F(u, r) = 0: 

or, written in ei form solved for w, 

u=/(«). 



SECTION III. 

The Lineal Element. The Extended Group of Ove 
Pai'ameter. 

44. A lineal dement is the aggregate of a point {x, y} 
in the plane, and a direction throtigh that point. If y' 
represents the tangent of the angle which the direction 
makes with the a;-axis, it is clear that x, y, y' may be 
regarded as the coordinates of the lineal element ; and 
by assigning to y', which need not necessarily be con- 
sidered a differential coefficient, all possible numerical 
values, we evidently obtain the js' lineal elements which 
pass through the point (x, y\ 

An ordinary differential equation of the first order 
in two variables, of the form 

may now be considered an an algehraie equation in the 
three variables x, y, y', defining oo* of the a;' lineal 
' elements of the plane. The equation 12 = 0, as a differ- 
ential equation, has oo' integi-al curves; and the tangent 
to an integral curve at any point {x, y) must be determined 
by a value of y' which satisfies the above equation. But 
the saine value of y' determines the lineal element 
through the point (x, y) ; for when x and y are fixed, only 
that value of y' will satisfy 11 = 0. Thus the x^ lineal 
, elements which are defiined by the algebraic equation 
I in tliree variables, 12 = 0, envelope the integral curves 
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the differential equation in two variables, ii = 0, as indi- 
cated in Fig. J . 




If the equation £J = happens not to contain y' at all, 
it still represents x^ lineal elements, although it can no 
longer be considered a differential equation. These are 






evidently the oo^ lineal elements whose points lie along 
the curve Q = l), as indicated in Fig. 2, Through each 
point pass ao' lineal elements, since at that point x and y 
ai'e fixed, while y', being indeterminate, may have xj^ 
different values. 

In the following, as we have only to do with differ- 
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ential equatione, we shall always consider that I) actually 
contains y'. 

45, If a transformation be given by the equations 

Xi=^(x,y), yi = ^{x,y), (I) 

it is obvious that not only the points of the plane, but 
also the oo^ lineal elements are transformed by (1) 
according to a fixed law. For the value of the trans- 
formed y', which we shall call y\, and which determines 
the direction of the transformed lineal element, is 
determined by means of the equations, 



, dy, d\{r 'dx '^y 

■dx ■**3!/ ■ ^ 

Thus it is seen that the value of y\ depends merely 
upon the transformation (1) and the values assigned to 
X, y, and y'. The transformation in the three vaiiablea 
X, y, and y", 

«,-*(«,»), S.-^fes), S-.-a^ (2) 

which tells how the qo^ lineal elements of the plane are 
transformed, is called the extended transfonuation corre- 
sponding to the transformation (1). 
46. If a Gj be given by the equations 



= ^{x,y,a\ yi = yp-{x, y, a), . 



..(3) 



each of its x^ transformations may be extended in the 
above manner. It is natural to expect that the oo'- 
transformations in the variables x, y, y' will themselves 
form a Gj ; and the pi-oof that such is the case is very 
simple. For let 

^2 = 0(3^13 yi.ni). y2 = -^(^. S*!. «i) (*) 

be a second transformation of the G, ; and let the 
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elimination of Xj and j/j between (3) and (4) give a 
transformation of the Gj of the form 

3:^3 = ^^ y, h). y^=\lj-{x, y, h), (5) 

h being a function of a and Wj alone. 

If each of the transformations (3), (4), and (5) be 
extended, it is easy to see that all the extended trana- 
fonnations form a (?j. For (3), when extended, becomes 
_d^(i,J,,o). 



and (4) becomes 



<l<t,(x,y,a) 



.(6) 



m 



I 



The Buocesaive performance of (6) and (7) upon the 
lineal elements of the plane is equivalent to the per- 
formance upon them of the transformation obtained by 
eliminating Xj, y^ between (6) and (7). But by (5), the 
latter transformation must have the form 



= i'(x,y.h), y^ = ir(x, y, b), y'i=zf^,-z 



..(8) 



d\{f{x, y, h) 
dj(x, y, by 

where 6 is a function of a and % alone. It is clear that 
(8) is the transformation which would be obtained by 
extending (5); that is, the x' extended transformations, 
corresponding to the 0^ (3), form themselves a G^. 

47. It is also obvious that if a point transformation of 
the form (1) be given, not only will y', but also y", .... j'"', 
be transformed by (1) according to fixed laws. 

The transformation in four variables. 




x^ = ,p(x,y), yi = '<j'(x, y), y'y 






_dV 



is called the twice-extendi'.d transformation coiTesponding 
to (1). Each of the m ^ transformations of the G^ (1) may 
be twice extended in this manner ; and it is very easy to 
Bee that the ao* twice-extended transformations in the 
four variables x, y, y', y" also form a Gy 
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Similarly, it may be shown that the thrice- extended 
transformations of a given G, in the variables x, y, y', y", 
y'" form a G^, and so on to the ii-times extended trans- 
formations of the (/;. 

48. We shall now give a method for finding the in- 
fiv itesi'mal ti^ansformation of an extended G^, since the 
conditions for the existence of such a transformation, 
Ai-t. 26, are obviously fulfilled. 

If the finite transformations of the 0^ be given by the 
equations 

■J\^>l>{x, y. t), i/, = '/'{x, y,t). (9) 

and the infinitesimal transformation by 

we know, Ait. 29, that £ and jj have the forms 

^j; . Sy ,,„, 



I 



where symbol 6 is equivalent to the symbol of difierei 
tiation. Thus, since 

we have 

St 

St~ 6t ~ dx^ 

Since the order of the operations indicated by S and d 
can be reversed, 



or from (10), 






il.c^ 



61 dx dx dx dx ' ilx. 
This is the increment assigned to y' by the trat 
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tioii (9); we shall usually indicate it by y), so that the 
infiniteeinial transformation of the onoe-extentiled G, has 
the form 

49. In an entirely analogous manner it may be shown 
that the increment which y" receives under the trans- 
formation of the (?j (9) has the form 
„ dri' ,. di 
' •d^-" -dx- 
and generally, the increment of y'"' is 

'"'-Tir-s''"'-s- 

Thus the infinitesimal transformation of the 5i-times 
extended G^ is 

"ay ■'-■''' V 

■ EXAMPLES. 

In exaruples (l)-(9) below, it is required : {a) to fiud by Art. 30 
the infiiiiteaiiuid tmnafonuaitiuii, Uf, friim the accompanying finite 
traiiaformatiou, ( being the parameter of the 6'i ; (6) eonveraely, to 
find the finite tranaformatioiia nf the C[, bj Art. 36 or Art 29, 
considering the infinitesimal tranafonnatioii as being given ; (c) to 
find, by Art 39, what points or lines, if any, are absointely invariant 
under each G, ; (rf) to find, by Art. 37, au invariant of each ff; ; 
(fi) and, finally, by Arts. 29 and 38, to draw a figure representing 
the path-curvea along which the points of the plane are moved by 
nieauB of the trajistoilnationa of each of the ffj reapecrively. 

(I) .■,«+!, „.,; ty-IJ. 

Thia ia the 0, of translationa of all pointa of the plane, through 
a. distance t, \a the direction of the .-f-axis. 

(a) .,:,.:., J,,., + Ii P/.^. 

TLe G, of translfttione along the y-aiia. 



^^^60 


OaomA^^IFFmENTIA^Q^TI^^^^^^^k 


H (3) 


=ta:,Sy=3; 


"f-l- ■ 


^^H performing these transformationB upou the paints of the plane, 
^^H when t is positive, is equivaleDt to a etretching of the plane, as if it 
^^H were a homogeneous elastic plate, in the direction of the j:-axia. ^_ 


H 


=tx,yj_=ty; 


v-4.-'% ■ 


^1 This is a ^', of so-called Bimifitiidinous transformations. All "■ 
^^P coordinates are seen to be increased, or diminished, from the ori^ii 
^^K ■ out, in the same ratio. Hence, a. figure in the plane always remams 
^^M similar to itself under this 0,. 


H (5) 


"*-J-fy^ 


■"''*J?;.-''f^l'l*'¥} M 


1 

^^H niot'ed 


neans of the finite transforniatioiis of this (7,, all points are ^H 


H (6) 

^1 m 


='-'■. y,=5y 


n!,y,...inl+jco.l; (7/— y|{+r^. 


H (8) 


= 1^ ■''' = 


T^-.'^V.^-'i^-.^ 


H (9) a:, 


=r^' ^'1= 


^'v "/-'I+'^f ■ 


^^1 <ID) Show that the family of all k>' conic aectiona nhose axes ^H 
^^B coiucide with the coordinate axes, ^| 


H 




»-S*g-. 


^H 


is invariant ■ 


uniier tlie Gj of affine transformations, 


I 


Verify the 


.r, = Ur, ,,, = (/. 
result hy making use of the condition. Art. 40, 


^1 


low that the family of co' concentric circles, 


^H 




.v'+y^ = r\ 


H 


is invariant \i 


nder the (i\ of similitudinoua transformations, 


^ 


and verify the reaiLlt by Art. 40. 


^^ 




^^^^H 



EXAMPLES. 6 1 

(12) Show that the family of oo^ straight lines, 

is invariaut under each of the G^ given in examples (l)-(4) 
and (6)-(9) ; that is, that these G^ are projective. Verify the 
results, as usual, by Art. 40. 

(13) (a) Show that the family of oo^ circles with radius 1, 

(^_a)2+(y-6)2=l, 
is invariant under the G^ of rotations given in example (7). 
(6) Show the same of the family of oo^ tangents to the circle, 

a;2+^=l. 
[See Ex. (17), Chapter I.] 

(14) Show that the family of oo^ circles, 

is invariant under the 6^^ of translations, 

(15) Show that the family of oo^ circles which touch both axes 

of coordinates, 

(a; - a)2+(y - df^a^, 

is invariant under the Gi, Ai=ta;, y\-ty^ verifying as 
usual. 



CHAPTER IV. 

CONNECTION BETWEEN 

EULER'S INTEGRATING FACTOR AND LIE'S 

INFINITESIMAL TRANSFORMATION. 

50, We are now pi'epared to show to what the develop- 
ments of the preceding Chapters have been tending. * 
In the first section of this Chapter, we shall show how 
to integrate the ezar.t differential equation of the firat 
order in two variables. In the second section, we 
shall show that a differential equation of the first order 
in two variables which is invariant under a known G, 
may always be integrated by a quadrature ; while in the 
third section, we shall establish some of the most 
important types of such invariant equations. 



Exact EqvAttioiis of the First Order. 
Factor g. 



Integrating 



51. A differential equation of the form 



..(I) 



since it is obtained by the compute differentiation of an 
equation of the form 

^{x, j/) = const., 
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it is said to be a,n exact differential equation; and the first 
member of (1) is called a complete differential. 

It is obvious that not every differential equation o£ the 
first order, 

X{x,y)dy-Y(x,y)dx = 0, (li) 

is exact ; for, to be exact, it is necessary that the condition 



3* 



dx 



But from this follows 

3X 3F 



(3) 

since each of these quantities must be an expression for 



"We shall see that this necessary condition that (2) shall 
he an exact equation is also sufficient. For the most 
general function, #, which satisfies 



,-.-FUs), 



is obtained from 



P^-^y(x.y)dx + Ziy); 



the integration being performed as if y were a constant, 
and Z being a function of y alone, wiiich occupies the 
place of the constant of integration. The only other 
condition to be satisfied is that the partial differential of 
# with respect to y shall be equal to S(x, y) ; that is, 

X(x. ^),^l^-\^Y(x, y)dx+Z(y)] (4) 



.X{x.y)+^\^Tt.x.y)d: 



..(5) 



5y 

i Z is free of x, the second member of this identity 
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must also be free of x ; that is, its partial diffei-ential 
with respect to x must be zero. Hence 



3* -dy' 

which is exactly the condition (3) ; that is, (3) is a 
necessary and a mcfficient condition that the differential 
equation (2) shall he exact. 

From the above it follows that the integral of the 
exact equation (2) may be found by quadrature in the 
form 



-\y{x, .,)<&:+ j(x(x, 



y)+ 



^Y(x,y)dx' 



')<iy- 



const. ; 



■ const., 



or, if more convenient, the equivalent formula, 

may he used. Here the integration with respect to y 
is to be performed as if a; were a constant ; and with 
respect to « as if i/ were a constant. 

It may be remarked that the equations of Chap. II., 
Sec. II., are a special class of exact equations. 

Eicatnple ]. In the case of the differential equation 

the condttioii (3) is Hatiefied. For 

X=f-i3ry-'ix*, T = - {a^ - iiy - 2y'), 
whence, as may be at once verified, 

3X 3r. 



80 that the differential equation m ft 



'»»■ 
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Using the first of the above formulae for *, we find 

Thus 

„ 81 

3j 



and hence 



'd\Y{x,y)dx 



/(x<„,.?II|?!^).,4% 



othat 

* (■^^ i') = 3— ^^ - Sj^^i^ +'|- = conafc. 

is the general integral sought. 
'- - T,y he readily verified th; 
a lead to the same result. 

'e 2. Given 

|*-(i+S)*-»- 

We see that the condition (3) is here aatiatied. The second for- 
mula for # may be used advantageously in this case. We have 



ajMj_ 



r+ 



Z]Xdt, 



l+'3 



X. Heace the genera! integral sought is 
-— +j:=const., 
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52. It will usually not be the case that the funetiooH J 
JC and Y in (2) satisfy the condition (3). But ainc«J 
every differential equation of the first order of the form. I 
(2) must have an inte^al of the general form 



the equation 



Q,{x, J/) = const., 



..(6)1 



must be equivalent to (2). That is, there must always 
exist a function M{x, y), auch that we can write 

^ckc + ^dy.iHx, y)(Xdy- Ydx); 

and since the left-hand member of this identity is a 
complete differential, the right-hand member must be a 
complete differential also. From (3) we see that M, X, 
and Y must satisfy the condition 



■dMX Z>MY_ 
"dx 'dy ~ 



0. 



The factor M, which converts the equation (2) into an 
exMct differentia! equation, is called, after its discoverer 
Euler, an Euler's integrating factor of the differential 
equation (2), 

Ejnample. In the equation 



it will become exact ; and the method of the preceding article 
as the general integral. 



logf- 



J 
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A Differential Equation of the First Order, which is 
Invariant under a known G^, may be integrated 
by a Quadrature. 

53. Having seen in the last section that an exact 
differential equation of the first order in two variables 
may be integi'ated by a quadrature, and that the know- 
ledge of an integrating factor of a given difterentiai 
equation, which is not exact, enables us to put the 
equation into an exact form, we shall show in this 
section what it means for a differential equation of 
the first order to be invariant under a given (?, ; and 
we shall see that such an invariant equation may be 
integrated by a quadrature. 

54. In order that an algebraic equation 

in the three variables x, y, y' may be invariant under a 
given (?!, in the same variables, 

it is, by Art. 42, a necessary and sufficient condition 
that the expression U'(ui) shall be zero, either identically 
or by means of tD = 0. It was also shown, Art. 43, that 
if u and v are two independent solutions of the linear 
partial differential equatioi 



-y-€^4^4^ 



0, 



the most general form of the invariant equation ii> = is 
n{u,v) = 0, or «,-F(i!) = 0. 
55. If now y' be considered the diflPerential coefficient 
of y with respect to x, the equation 

<»(<«, y,y')=o 

will be a differential equation of the first order; and if 
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■we consider U'f to be the once-extended 6^ corresponding 
to the ffj in two variables, 

when the expression U'(m) is zero, either identically or 
by means of the equation w = 0, tke differential eqv/ition 
of the first order, io = 0, is said to be invariant under, 
or to admit of, the G^, 

Also we see that to find the most general differential 
equation of the first order which shall be invariant 
v/nder a given G^, Uf, it ia necessary to jvnd two 
independent solutions of the linear partial differential 
equation of the first order, 

titat is to say, we -must find two independent integral- 
functions of the si/multaneous system 
dx^dy _^dy' 
i 1 ^' 
One of these integral- functions may be found from the 
equation 

dx_^dy 

1~T- 

and since ^ and tj are free of y', this integral-function, 
which we shall call u, will not contain y'. The second 
integral-function, which we shall denote by v, and for 
finding which one method has been indicated, Chap. II., 
See. 2, must contain y'. The most general invariant 
differential equation will then have the form 

56, To find the integral -function u of the preceding 
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article, ifc is theoretically necessary to integrate a differ- 
ential equation of the fii-st order, namely, 

dx dy 

But from the form of this equation, we know, Art. 38, 
that «=const. must represent the path-curves of the Gj, 

Hence, if the path-curves of the Gj, Uf, are known, of 
course u is also known ; and it will be remembered, 
Chap. III., Examples, that the path-curves of a large 
number of the most important Gj's in the plane can be 
found by integrating differential equations of the first 
order which are exact. Thus, in a large number of 
the moat important cases, u can be found by a quad- 
rature. 

We propose to show now that if « hat been found, v can he found 
by a quadrature. 

We have already seen, Art. 43, that every infiniteaimal tranafor- 
niation iu m variablea can be broufrht, by a proper clioice of variables, 



to the form af a mere translation. If u be known, we shall first ' 
ahow that in this case 



U/.& 



caji be brought to the form of a nsere traiiBlatJon by a guatbuture. 

Let ua nitroduce into Of the new variablea x,, u, ; and 
deinuiid that Uf assume the form of a translation. Thus Uf, 
Art. 35, becomes 

In order that UJ^ shall have the form of the translation ^ 
in the new variablea, it is necessary to have 

That is to say, j;, must be a solution of the partial equation Vf=0 ; 
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and since t« is a solution of this equation, being by hypothesis the 
integral-function of the ordinary diflferential equation 

dx _dy 

^ V 
we may assume Xi = u. 

Now ^1 must be a function of x and y, which satisfies the 

equation 

and we may assume that t/i, x, and y are connected by an equation 
of the general form 

12(07, y,yi)= const. 

By differentiating this equation with respect to x and with respect 
to y successively, we find 

'dx 'dy^ 'dx ' 

oy oyi dy 

Multiplying the first equation by ^ and the second by rj, and 
adding, we obtain 

or, on account of the differential equation connecting x, y, and yi, 

.312 312 . 312 ^ 
^3:r+^3^"*-^=^- 

But, by Art. 18, this linear partial differential equation is 
equivalent to the simultaneous system 

dx _di/ _dyi 

that is to say, yi may be found as a function of x and y by in- 
tegrating this simultaneous system in the three variables Xy y, y^. 
But we already know one integral-function of the system, namely, 
Xi or w. Hence it is obvious thaty^ may be found by a quadrature ; 
for we only need to eliminate, Art. 23, say x out of the equation 

^-dy, 
rj ^1 

by means of m= const., when we have an ordinary differential 
equation between y and y^ in which the variables are separate. 
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ThuH, by a quarlrature, we have found the 
make Uf take the form of a mere traiialation, 
differential equations which are 



variables which 

., ^. But the 

it under this translation 

the variables ,c„y„ evidently 



"■J-S: 






..*.a 



where f,, )]„ Tf'j, and y, have the usual meaning. Hence to find 
the invariant equationa, we must find two integral functions of the 
simultaneous system 



" 



aiiire ^| and ij', are zero. But Xy and y, are evidently two 
independent integral-functions of this system. Hence the gKLLeral 
invariant differential equation in the variables .r„ yi will iiave the 



t be a function of v ; 



But since J7, is identical with u, y, 
we can obviously assume y'i=v. 

Hence when the path-curves, M=eonBt., of a given ff, are 
known, the most general dtfierential equation of the first order 
which is invariant under the given G^ may be found by 
quadratures. Practically the calculations may usually be made 
much shorter than indicated above, since in the most important 
s the variables in the simultaDeoua system to be integrated, 
dx _dTf ^dj^ 

$ v~ n" 

may be separated by inspection. 

57. In Art. 37 the function v., wliicli 
the Knear partial differential equation 




i a. solution of 



.fI+,I=o, 



'.ant of the Gj, Uf. Similarly, the 
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tunfition v, which we saw must always contain y', i 
which is a solution of 

ia called a differential i/nvariant of the first order of 
the Gi, Uf. 

58. If X, y, and y' be considered the coordinates of a 
lineal element in the plane, the equation 

u,{x,y,y')=0 (1) 

represents, Art. 44, x^ of the x^ lineal elements ; and to 
demand that the equation £o = shall be invariant under 
the Gp U'f, is the same as to demand that the family 
of 00^ lineal elements shall, as a whole, be invariant 
under U'f. For, the analytical criterion that (1) shall 
be invariant, means, interpreted geometrically, that the 
transformed (1) shall represent the same family of co^ 
lineal elements that (1) itself does. But these co^ lineal 
elements envelop the oo^ iotegi-al curves of (1), con- 
sidering tills equation as an ordinary differential equation 
of the first order ; and since the family of lineal elements 
is invariant, the family of co^ integral curves must also J 
be invariant under the G,, U'f. I 

Thus, if 1 

*(«, 3/) = con8t (2) 

represent these integral curves, since (2), which does not 
contain y' at all, must be invariant under the extended 
©1. U'f, this equation must also be invariant under the 
G,, Uf; that is, by Art. 40, a condition of the form 

(3) 

must hold, if the differential equation (1) is invariant 
under U'f. 

Conversely, if a condition of the form (3) holds, of 
course the oo' integral curves (2) are invariant — and 
with them, the family of oo* lineal elements (I) — or, as 



U{^{x,y))^W(^)., 
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we may aay, the differential equation of the first order 
(1) is invariant under U'f. If, therefore, a 6^ is known, 
of which the integral curves of a given differential 
equation of the first order admit, thia equation, written 
in the form (1), always admits of the extended Gj. 

Hence, we may also define an ordinary differential 



equati 
givei 
equati 
which 

equati 



tion of the first order as being invariant under a 

6^, Uf, when an integral-function * of that 

tion is transformed by means of U'f into a function 

itself an integral-function of the diflerential 

; that is, when a relation of the form (3) exists. 

59. We shall now show that a differential equation of 

the first order in two variables, which is invariant under 

a known 0^, may be integrated by a quadrature. 

Let the given differential equation be 

Qix,y,y-) = 0; (4) 

and suppose (4) to admit of the ffp 



uy, 






..(5) 



We shall, for reasons explained in Art. 60, assume that 
S2 = is not the differential equation of the x^ path- 
curves of the (?„ Uf. 

If (4) be written in the solved form 

X{x,y}dy-Y{x.,y)dx = 0, (6) 

and if its integral-function be designated by o)(x, y), by 
Art. 16, til must be a solution of the linear partial differ- 
ential equation of the first order. 



I 



^S+^; 



E* 



= 0. . 



..,(7) 



Moreover, since the family of integral curves (o= const. 

is invariant, it follows from Arts. 40 and 68 that 



"M'd 



dx cty 



■f (.(',») (8) 



J 
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Now if ^((o) be a cei-tain fimction of lo alone. ^ will 
also be an integi-al- function of (6), and U{^) will depend 
upon <^ alone. For 



If(*).^cr(„) 



^F(« 



I 



and M may be removed from the right-liand member of 
the last identity by means of 

giving thus U{^) as a function of # alone. 

Since we assumed above that the curves ui = c were 
not the always invariant path-cwrvea of the 6^, Uf, the 
function W{<e) in (8) cannot be aero; and we may easily 
choose "t as such a function of w that V'{^)= 1. For it 
is only necessary to determine $ so that 



dw 



= 1, 



#. 






w(<.y 



Since cE' = const, represents the same family of curves 
that &; = const, does, let us suppose m so chosen from the 
beginning that t/^(o>) = 1 ; that is, let us now designate 
by ui the function which we have just called *. Then 
we have 



I 




+r: 






33; 



''M-f^^+'i^-i 



^'dx 



3w 



X 



, 3(11, , 3o)j Xdy—Ydx 

Since the tirat member of the last equation is 



J 
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a complete differential, the same must be true of the 
second member ; that is, we have the 

Theorem.* // a given difftrentiul equation of the 
first order in two variables 



Xdy-Ydx = Q 



admits of a known (?,, 

whose path-curves are not identical with the inie<jr<.d 
curves of the differential equation, tfien 



M^ 



A>- Vi 



ia an integrating factor of the differential equation; 
and the general integral may be found by a quadrature 
in the form, 

[Xdy-Ydx 

J Xn-¥i ='=°"^*- 

*Tliis theoreiii was first publislied hy Lie in the " Verhand lunger 
der GesellBchaft der WisaeiiBcbaften zii Cliristiauia," NoTember. 
1874. 

By Art 52 the equation 

Xdy- Ydx^O 
always possesses an integratiug £actor, #; and if Jf be known, it 
follows from the developments in tbe text that it is only Decessary 
to choose f or 71 in 

in aneh inaiiiier that 

when the ^veii differential equation will be invariant under Uf. 
Although it follows from this that eceri/ differential equation ' 
the first order is inntriant under an unlimited number of &,'s, wh 
we npeak of au invariant differential equation in this book, 
shall always mean one which is invariant uuder a hiou:n Oj. 
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Example 1. The differential equiition 



admits uf ttie 6',, 


Uf. 


^48, 
■<i' = 


For 


the c 


xtendcd trans formation it 


found 


by forming, 


, Arl 




^i 




which 


in this case, 


, aim 


!ei,=3r,g = 0,ial. 


Hence 








uy^ 






orbyi 


Art. 55, the 
meana of !i= 


expression 
= 0. Wefi; 


uxm 

nd 


must be zero, either identically; 



= shall a.1 
e this equation admits of ^^, the integrating faj^tor 



x.x-i,n-x').0 :^' 
and the integral is found to be, 



:, by Art. 51, 



We may at 
transformatiou of tlie (/, 



■fy that m 



const, admits of the infinitesimal 



; as well na uf the finite transforma- 



J 



BIFFEUBNTIAL EQUATIONS OF FIRST ORDER. 77 

Example 3. The differential equation 

admits of the already extended C, 
For here C"(fi) has the form, 












and the condition that ^ = shall admit of U/ia satisfied. Now 
write the differential equation in the form, 
j^rf^ — (j4-y)(ir=0; 



n integrating factor n 



e given by 



Henue the integral is 



or, Art. 51, 



2x+f ^ 



60. The method of integration of Art. 59 faila when 
For this case, we aee 

and since the first of these ratios gives the direction of 
the tangent to the integral curves of £i = through the 
point {x, y), and the second ratio gives the direction in 
which the point {x, y) is moved by means of the G„ Uf, 
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the above identity states that the point (x, y) always ' 
movea on one of tlie integral curves of 17 = 0. Hence 
the invariant family of x' curves is none other than 
the family of x} always invariant path-curves of the 
Gj — each curve being separately invariant. In other 
words, the G,, Uf tella us nothing new with regard to.i 
the equation = 0, and hence Ufis, in this case, said to I 
be trivial with respect to that differential equation. In f 
Art. 59 the case that Uf shall be trivial is always ] 
excluded. 

When Uf ia trivial, sinci! 

Z.I 

we may write 

so that tyiias the form 

Thus it is seen that every transformation of the fonn 

is trivial, with respect to the ordinary diflercntial 
equation 

Xdy~Ydz = 0. 
In future, we shall always disregard trivial infinitesimal ( 
transformations. 

SECTION III. 

Classes of Differential Equations of the First Order 
whicli. admit of a given Q^ in Two Variables. 

61. Having shown that an ordinary differential equa- I 
tion of the first order in two variables can be integrated | 
by a quadrature when it admits of a known (?„ the next 1 
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step will be to finJ the elaasea of differential equations 
of the firat order which admit of certain of the simpler 
G^ in two variables. 

From Art. 58 it is clearly immaterial whether we say 
that the family of oo^ integral curves of the given 
differential equation is invariant under a G'^, Uf, or 
whether we say that the differential equation itself is 
invariant under the 0-^, Uf, or under the equivalent once- 
extended Gi, U'f. 

62. To find all differential equationa of the first order 
which ad/mit of a translation cuong the x-axis. 

This translation is represented, Example 1, Chapter in. 

We see at once, that since ^ = 1 and 1 = 0, 
, rfjj .di - 



u-f.. 



To find the moat general invariant differential equation, 
we must, Art. 55, find two independent integral-functiona 
of the simultaneous system 

dx^dy ^ dy' 



er XiJ.., ^H 



1 ' 



' 



It is evident that y and y' may be chosen as the functions 
designated as u and v in Art. 55 ; and hence the most 
general differential equation of the first order which 
admits of a translation along the .-c-axis has the form 

or, if solved in terms of y', 

,/-F(;/) = 0. 



i 
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In this equation the variables are separate, so that the 
integration may be accomplished by a quadrature. 

Axialogously, it is obvious that all differential equations 
of the first order which admit of the G^ of translations 
along the i/-aKis 

■' -dy 
have the form 

!,'-F(i5) = 0i 
and are immediately integrable by quadrature. 

63. To find all differential equatioTis of the first order 
which admit of the 0^ of affine tranafomiations 

Here, since ^ = x and ij = 0, 

Hence the extended G^ is 

and the simultaneous system to be integrated is 
dx_dy _ dy' 
x~ Q ~^'' 
One integral-function ie evidently y ; ajid, from 
dx d^ 
X y-' 
s found to be xy'. 



= 0, 




Hence the most general invariant differential equation 
of the firat order has the form 

xy'-¥(y)=0. 



DIFFERENTIAL EQITATIOITS OF FIRST OBOES. 81 

Here again the variables are separate, so that the 
equation may at ODce be integrated by a quadrature. 

The general form of the differential equations which 
are invariant under the corresponding Gj of affine trans- 
formations along the y-axia, 

is readily seen to be 

!,'-J.F(«) = 0. 

In this equation also the variables may he separated by 
inspection. 

64. To find all differential equations of the first order 
which admit of the G^, 

Here, since ^ = x and ij^y, we find in tbe usual 
manner »j' = 0. Hence the simultaneous system to be 



d.T _dy _dy' 



The integral -functions of this systei 
by u and v, are obviously 



, usually 



Hence, the most general differential equation of the first 
order which is invariant under the G^ 

has the form 
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^^1 In this equation the vciriables are separate, eo that the ^H 
^^B integration may be accomplished by a quadrature. 
^H Aualogouely, it ia obvious that all differential equations 
^H of the first order which admit of the Q^ of translationa 
^H along the ^-axis 

■ ^'-l 

^H have the form 

H y'-F(x)=0; 


^H and are immediately integrable by quadrature. 


^H 63. To find all differential equations of the first order 
^H which admit of the U^ of affine transformations 


■ ^'4 


^M Here, since f = 0;: and )7 = 0, 


I -^'i-yi'-y- _^^ 


^m Hence the extended 0^ is ^^^^^M 


I ^B 


^H and the simultaneous system to be integrated is ^^| 


H <i^ d^ ^M 


■ ^M 


^H One integral-function is evidently y ; and, from ^^| 


I ■ 


^H a second is found to be xy'. ^^ 
^^M Hence the most general invai'iant differential equation 
^H of the first order has the fomi 


K^ Q(xy',y) = 0; 


^^■or xy'-¥(y) = 0. 
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Here again the variables are separate, bo that the 
equation may at once be integrated oy a quadrature. 

The general form of the differential equations which 
are invariant under the corresponding (?, of affine trans- 
formations along the j/-axie, 

3^ 



^f-y^.' 



is i-eadily seen to be 



y'-yY{x) = (i. 

In this equation also the variables may be separated by 
inspection. 

64. To jmd all differential equationa of the first order 
which admit of the 5j, 

Here, since ^ = x and ii = y, we find in the usual 
manner i)' = 0. Hence the simultaneous system to be 



integrated ii 



dir_dy_ 



The integral -functions of this system, usually designated 
by u and v, are obviously 



Hence, the most general differential equation of the first 
order which is invariant under the G, 



Uf. 






has the form 



a(/,I)=0; 
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or, when solved in terms of y\ 

This is the so-called general homogeneous equation of 
the first order. 

We may write the above equation in the form 



%-F(|)(fo; = 0; 



and the method of Art. 59, gives 

1 



M^ 



.-.f(|) 



as an integrating factor. Hence the equation written in 
the form 

dy-¥(y)dx 



,-.Fg) 



is exact, and may be integrated, by the method of Art. 51, 
by a quadrature. 

Example. Given 

This equation, being homogeneous, belongs to the class of the 
present article. 

Written in the form 



dy--E[^dx=0, 



it becomes, dy + .^^^^^ dx= ; 

^ dx 



so that ^ 
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j^ + 3.r'i/= + 2y' ■"'^ar^+S; 



the case ; and the general integral is fouud bj Art. 51 to be 



I of the general 



-'^■w-7=e0113t. 



65. It should be noticed that equatioi 
form 

(ax-\-by-\-c)dsc—{(i'x-\-h'y+c')dy=Q, {a, ...,c'=coiiat.) 
may usually be made homogeneotis by a proper choice of 
variables. For, let the new variables be 



{h. A; = const.) 



then the given equation becomes 

{ax + by+alt+bk-\-c)dx—(a'x+b'y-\-a'h-\-b'k-\-G')dy = 0. 
If, now, k and k are determined from the equations 
ah +bk +c =0, 
a'k + b'k+c' = i.), 
the above equation in x and y will evidently become 
homogeneous, and thus may be integrated by the 
method of the preceding article. 

This method faUa when a:a' = b -.b'. Let us assume 
then 

a = 7i.a', b = n.b', (7i = con.st.) 

and the original equation becomes 

{ax + bi/+c)dx—{n{ax-\-by)+c')dy = 0. 
Now introduce in place of y the new variable 

e=ax-i-hy; 
and it is readily seen that the differential equation takes 
the form 

s + c 



I 
I 



in whicli the variables may be separated by inapectioi 
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Example. Given (2y- 


-a:-l)d.y-i-{2x-y + l)d^=0. 


Here the etiiiatioiis 


ah + bi+c=0, 




a'A + 6'i + c' = 0, 


have the forms 


2A-i+l=0, 




-A + 2i-I=0; 


BO that 


A=-J, fc=J. 


Introducing the new 


variables 




^-=.v+h 3='j-h 


the given differential eq 


nation becomes 



integral of this homogeneous equation is found 
.T'-,Ty+^=const. ; 

J, the general integral 



obe 



^-3y + jf-i.^j. 



66. To find aU differential equations of the first 
order which, admit of the G^ of rotations. 

A rotation around the origin ia given, as will be 
remembered, by the 6^, 



"^x dy 



Here i= 






and hence 
dx ^ dx 



= H 



It is necessary, therefore, to finil two integral -functions 
of the simultaneous system 

dx _dy _ dy' 
~y~ X ~'l-\-y"^' 
From the first equation, which may be written, 
xdx-\-ydy — G, 



J 
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we see that one integral function is 

By tlio method of Art. 23, we now write 

a;2 -J- j/2 = c^, {<? = const.) 

whence x = \/c^ — y'-, 

dy _ dy' 

The variables are separate: hence by immediate in- 
tegration 



and 



= 0. 



ain"^-— tan"^i 



(t = const.) 



But this may be written 



or, taking the tangent of both sides, the second integral 
is found to be 



1 



x-\-yy' 
Thus the most general invariant differential equation of 
the first order has the form 



^y -y 

x + yy' 



-¥(x^+y^)^0. 



This equation may be written — when F ia put for 

(x-yF)dy-(y+xF)da^Q. 
The method of Art. 59 gives, as an integrating factor 
of all equations of this form, 

x^+y^ 
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so that the above equation, written in the form 

is exacty and may be integrated, by Art. 51, by a quad- 
rature. 

67. To find all differential equations of the first order 
which admit of the 0^ 

TT^ V ^f 

Here rf will be found to have the value — 2y' ; so that 
the simultaneous system to be integrated has the form 

dx ^ dy __ dy' 

Since the variables are here separate, it is seen at once 
that two independent integral-functions are 

y' 

^y> H- 

y^ 

We may write the second integral-function in the form 

^y' . 

xy.y' 
and since ony is itself an integral-function, we see that — 
must also be an integral-function. Thus we may assume 

xv' 
u = xy, v = -^; 

so that the most general invariant differential equation 
of the first order will have the form 



nay aasume , 
letrically 



J_M> 



and write the last equation 



Of course ail equations o£ tliia form may be integrated 
by a quadrature ; since the method of Art^ 59 gives as 
an integrating factor, 

Jl/.- 



^!/(/i(»^y)+/.(«!/))' 
Examph. Given 

This equntion may be ■written 

(l—3^)j!dl/+(\ +xt/)i/d3'=0', 
o that it ia seen to belong to the class of the present article, 
leiice an integrating factor ia 

o that the equation 

a e.ract. The general integral ia found in the usual way to be 



68. To find all differential equations of the first 
oi'der which admit of the G^ 

J ?)y 

Proceeding as usual, we find for tj the value 

so tliat the simultaneous system to be iiii 
the fonn 

dx _ dy _ dy' 
~„[?iw^i~ 



<t,{x). 



J*W^ 



One integral-function is evidently 



A second may be obtained from 



[.)>^'' 



dy: 



^ dy' 



Since a; = const, is one integral of the simultaneous 
system, 0(a!) plays the r61e of a. mere constant in the 
last equation. Hence, by a quadrature, a second integral- 
function is found to bo 

The most general invariant differential equation has, 
therefore, the form 



y'-tf,(x)y-^lA(x) = 0. 



This is the so-called general linear dtffei'ential equation 
of the first order. Of course all equations of tMa form 
may be integrated by a quadrature. For the above 
equation may be written 

dy-{yi,ix)+yl,{x)}dx=0; 

and by Art. 59, 

If. -1 

is an integrating factor, so that 

e-^'^^'^'^.dy-{y,l,{x)+i,ix)}e ^"^^'^'".dx^O 
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must be an exact equation. By Art. 51 the general 
mtegrai is found in the form 

y_,I«"*||^(a,)e-l*<-"'.<it+comt.}. 

In an analogous manner it may be ahown that the 
differential equations of the first order which are in- 
variant under 

■' ' dx 

have the general form 

dx-{<t>{y)x-\-^{y)dy = Q. 
This general equation, which, of course, may be in- 
tegrated by a quadrature by the usual method, is said to 
be linear in x, y being chosen as the independent 
variable. 



I 



Example. Giveu 



1 



1+jrS 



1 + 



In this linear equation the functions 
Hence e' =Vl+j'^, e 



1 









, .. , =+ const. 

Making these substitutiona in the formula for the general 
integral of the linear equation, we find 



\<J\+x' 
] the general integral required. 
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69. It should be noticed that equations of the form 

y'-.0(%-.V^(a;)2/" = O 

may be easily brought to the linear form. For, dividing 
by 7/~ the equation becomes 

If now we put z = y^"^, 

so that '?/-"._^ = - =?, 

^ ax 1—ndx 

the above equation becomes 

an equation which is linear in 2;. . 

Example. Given 

^ X X 

The equation may be written 

Assuming, now, ^-^=2;, we have 

^ ' dx d£ 

so that the given equation takes the form 

dz 1 loff^ ., 
dx X X 

The general integral of this linear equation is found. Art. 68, 
to be 

z = cx-\-\ogx-\-\\ (c=const.) 

so that the general integral of the given equation is 

y-i = (XT + log ^ + 1, 

or y=(aF+logjr+l)~^ 
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70. The typea of differential equations which adjuit of 
given groups of one parameter, like those which have 
been discuased, Art. 62-68, may be multiplied indefinitely ; 
and in this fact may be recognized a part of the extra- 
ordinary fmitfulness of the Theory of Transformation 
Groups as a foundation for the Theory of Differential 
Equations. As we know, in order to find the differential 
equations of the first order wliich are invariant under a G^ 

it is only necessary to find the value of >/ from the 
equation 

'' ~ dx ^ di. 
and then find two independent integral- functions of 
the aimultaneoua system 

dx_dy ^ dy' 
inn 
Moreover, we have shown, Art. 56, that if an integral- 
function u of the ordinary differential equation in two 
variables 

dx_dy 

be known, the second integral- function v can always 
be found by a quadrature. 

Practically, therefore, it is only necessary to choose 
i and i; so that the ordinary equation 
dx __ dy 

will have an integrable form, either in being an exact 
equation or in assuming one of the forms discussed, 
Aits. 62-69, when all differential equations of the first 
order which are invariant under the given 6^, and which 
are therefore immediately integrable, may be found by 
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quadratures. For instance, if i=^f-i{xy) and 'j = yfj.xy), 
the above differential equation has the form 

f^xy) . X dy -flxy) .ydx = 0, 
which, by Art. C7, is integrable by a quadrature. This 
gives us u ; and, by Art. 56, v may be found by another 
quadrature, ho that all differential equations of the first 
onler which are invariant under the G, 



'dx 
may be found by two quadratures. 

This method will, in general, give rise to a new class 
of integi'able differential equations of the first order 
in two variables. If desired, f and jj might now be so 
chosen that the equation 



x^dy 



will belong to this new class. Then, of course, two 
quadratures will, in general, give ns another new class of 
integrable equations, etc. 

71. It will be remembered that. Art. 55, the condition 
that an ordinary differential equation of the first order 
in two variables, 

nix,y,y') = 0, 
shall admit of a G,, 



s that the expression 



^^^•'Zy' 



shall be zero, either identically, or by means of tJ = 0. 
Here, of course, U'fis put for the once-extended (?j 



I 
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From this condition it is often possible to find the G^ 
of which a given differential equation of the first order 
admits, especially whenever the form of the equation 
suggests the Gy 

For exanijile, the equation 

1^ U y. y ) = /' - ■l-'^'y + 8j' = U 
is homc^eneouB in all of its terms except one. Since, by Art 64, 
•Jl homogeneoua eqimtioiia of the first order admit of tue Ox 

suspect that tiia above equation will admit of b. O, 



we are led 
of the form 

The correspojiding extended t?i is 

and the condition that the given equatic 
under this G, is that U'{Q) shall be zen 



U'f^a: 



I 12—0 shall be invariant 
ideutically, or by means 



ofi2 = a That 

must be zero identically, or by means of il = 0. 
Cumpariug this expresaiou witli th( 



we must attempt to choose h and a iu such manner aa to make 
the first expression equivalent to the second multiplied by a 
constant factor. It is only thus, iu this ciuie, that the condition 
of invariance can be satisfied, since the first expression cannot be 
zero identically unless a^b = 0, jti which case Uf would vanish. 
It a represent any constant we see that we must liave, in order 
that 
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,a + 46 + 4{6-a)s4<j. 



Batiafied by 
eiitial equati 



lb coiiti'adictory, and may evidently be 
2 ; 6 = 1 J a = \. Hent'e tlie given differ- 
admTts of the Q^ : 

If the equatione for determiniog a and b Lad proved to be 
contradictory, it would, of course, liave meant that the giveu i 
differeutial Bquation did not admit of a G, of the form 



U/^ 



=,.M- 






+6y^ 



In a manner similar to. the above, it may be readily si 
the dilferfiitia! equation 



w— 



'i.*'^%' 



^4- 



at 

1 



72. The tyiMSi of iutegrable diiFereiitial eqiiationH eBtablished, 
Arts. Ql-69 illnatrate the fact, mentioned Art. 17, that every 
ordinary differentixL equation of the first order has one general 
integral. Tlie rigid proof of this proposition is, aa already stated. 
Art. 17, a theorem pertaiiiing to the Theory of Functious ; but a 
further iUiiatmbioii is atTordea by the faet that when the variables 
X and y are couuected by an equation of the form 

Xdy~rdx = 0, (1) 

we may always, by means of an infinite aeries, express ^ aa a 
functiou of j: and one arbitrary constant. We shall nut investigate 
the question aa to whether this series always converges or not. 

From (1) we have 

:iitly write it, 
»■-/,(«.?)■ (2) 
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By differentiating (2) we tied 



S+S-A 



a/, ,3/, „. 
^■^ 

for brevity, write this 

s--M',i) (3) 

differentiations of (3) we find, analogously, 



f -/.(.', 3)' 



Now let ^(x) Le the general value of y ; nnd when we assign 
a particular umuerical value x^ to .c, let the correapondiuff value 
oiyhe designated by^Q. Here ^uand^o^^°^l'^<lt;heiniViJil values 
of j; aud y. Then, by Taylor's Theorem, we have 

J-*W+*'W(»-'J+*'W*^xf^+ <■■) 



general integral (5) contains only one arbitrary constant, yn- 

Id Chapter X. we shall aee that the general integral of a differ- 
ential equation of the ■m"' order may be similarly expressed by an 
infinite series. 

73. In the following examples of differential equations 
of the first order to be integrated, the test foi- an exact 
differential equation should first bo applied. It will be 
remembered that the equation 

Xdy-Ydx^Q 
ia siaact, if 
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and the integral may be found by a quadrature in the 
form 



lrd^~\{x+^-\riix)dg 



-■ const. 



If the given differential equation is not exact, but 
belongs to one of the types of Arts. 62-68, it may be 
integrated, as already seen, by a quadrature. 

In ease the given differential equation does not belong 
to one of tlie types established. Arts. 62-68, the method 
of Art, 71 should be employed to find the Q^ of which 
the equation admits. 

We give below a table of types of the most important 
of the simpler G^ in the plane, with the corresponding 
type of invariant differential equation. The reader will 
do well to re-establish for himself those types given 
below which were not established, Arts, 62-68, 

Qroup of Oat Parameter, 



(.) w.% 



Type of Invariant DJifftrvniial Equatioi 
It is seen that (3) includes types (1) and (2). 



m "/'-l^^l 



3/ 



<»)*■-"(!)■ 



EqiiatioiiB of the form (tt'.r + 6'^ + c')cft/-(tU' + 6^ + <!)iir=Omay 
iiaiially be brought to the liomogeneoua form. See Art. 65. 



(6) V/.-yg- 



■i-'l 



(8) P/. 









The form y'-^{.F)-y-'/'Wy''=0 "^7 be reduced to this one- 
See Art. 69. 


(9) ty^g+l^. {e)y=|+^Fi 


(S- 


(10) P/=2:.g+y^. (10) y'3' = F(f ^ 


)■ 


(11) p/=^^+^^- (11) n(|, ff-^y)=o. ^1 


(12) P/^^g+2y|^. (12) :<^' = r(|'' 


I 


EXAMPLES. 


J 




4 


(3)(l+J)*, + ^(l-5)<^.0. 




(4)(m»i:+,i,),m(««+,,).(„ii+,»Jj.)eo.(«.r. 

(6) ^(3^4-f+%3:)d^+2y^d3,=0. 

(7) (3'-^)*/+y(fa:=0. 

(8) (.2-/^-a!)d!,+ydx=0. 


1 


(9) ^rfy-(y4-Vj:^+y'')(i:p=0. 
(10)(:.+j,)%-(y-.r)dj-=0. 




(11) :.ooB|rfy-(yco8|-:^)d:«.-=0. 




(12) (6y + 7a:)dy + (83f + 10j;)(ii;=0. 


^^^^^H 


(13) .rrfy-(y + v'a;'-y!)iic=0. 

(14) {2^'-^')d^+(^-2^x')dx=0. 
(16) (x'-2:i3^)dy+(jF»-2^)d:i7 = 0. 

H^ (16) i2!/-x-l)dy + (2j;-ff + l)dr = 0. 
^m (17) {7y-a»;+3)(^+(3y-7:c+7)iic=0. 
H (18) (:^rfj7+y<^)(^+j/')+a;djf-y<£a.=0. 
H (19) {^+^dff+y'd^=0. 


1 


^m (20) (.!^s^^^'-:t:^rfy + (^-yv'j^+y^)«^=0. 


J 
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(21) {3?f + x!,)yd.t + [:'^y*'\)3:dy=Q. 

(23) (y+3/v'ay)dr+(.r+j:^)rfy=a 

(24) T}i{l+oot{xii)){3;dy+ydx)+xdy-ydx=0. 

(25) xdy -(ag+x+Vidx^Q. 

(26) {\'3?'fdy+yJY^x'^dj:={x + -J\-,T^)d.t. 

(27) {\+y^dx={t!Mi-^y-x)dy. 
{2%)dy + ij)-3^)dx=0. 

(29) (l-j:^rfj^-(^ + :ry2)cte=0. 

(30) xdy + {y-yHo%x)dx^O. 

(31) ai5dj + (j;-3i*)(ij: = 0. 

(32) (H-^)d^ + (a:^-i^<i(r = 0. 

(33) coaxdy+{siax+y-\)dx=(i. 

(34) {l-a^)fl!!/-(jy+aJ3'*)(i»: = 0. 

(35) dy^^{a^^-\)dx = 0. 

(36) (yloj;:c-l)ytiir-j;rfy=0, 

(37) co8a:rfj/ + {j^Sco8*r(l-Bm^)-y}<ir = 0. 
{ZS) ydy-¥(y^-ci»ix)dx = 0. 
(39) Wy-(y+a:")rf^=0. 

The following geometrical examples lead to ordinary differential 
eqiiationa of the first order, which may be readily integrated by 
Home of the foregoing methods. 

For oonveiiienee of reference hereafter, it may be noted that 
for a plane curve referred to rectangular coordinates, 




Subtangent = ^ ; Subnormal =yy' ; 
Length of the perpendicular from oi 



n upon tangent: 



Vl+y"' 



Length of the perpendicular from origin upon normal = , ^ ; 
•Jl+y^ 
Intercept of tangent upon x-KX)8 = y — xy' ; 

Intercept of tangent upony-axi8 = ;r — ^ i 

Distance from the origin to the foot of the normal = jr+jiy'. I 

(40) Find the curve whose subtangent is proportional tri the | 

abscissa (it times the abscissa) of the point of contact. 

(41) Find the curve whose subtangent is constant, and equal to a. 
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(42) Fitid the ctirve whose subnormal is constant, atid equal to 2a. 

(43) Find the curve in which the angle between the radirit vector 

and the tangent is one-lialt the vertical angle. 

(44) Find the curve in which the subnomial is proportional to the 

ii"" power of the abacissai. 
(4f))"Tind the curve in which tlie perpendicular from the origin 

upon the tangent ia equal to the ahBciBsa. 
(46) Find a curve such that the area included between the curve, 

the axis of x, and an ordinate, is proportional to the 

ordinate. 



(48) Find the curve in which the intercept of the normal upon the 

,c-axis is proportional to the radius vector. 

(49) Find the curve in which the intercept of the tangent upoti the 

^-axis is proportional to the radiua vector. 

(50) Find the curve in which the aubtangent is equal to 

mjc + ni/. 
(01) Find all differential equations of the first order which are 
invariant under the G, 



CHAPTER V. 

GEOMETRICAL APPLICATIONS OF THE INTEGRATING 1 
FACTOR. ORTHOGONAL TRAJECTORIES, AND J 
ISOTHERMAL SYSTEMS. 

74. Is this chapter we propose to give some of the i 
simpler geometrical applications of the integi-ating factor, J 
Art. 59, of a differential equation of the firat order in I 
two variables. 

75. In Art. 59 it was shown that if a differential,! 
equation of the form 

(1) 







.^dij-Yilx-O. 


admits of the 


0, 


, which i 


is not trivial, 






W- 




then 




U. 


A',-rf 



is an integi'ating factor of (1). 

Suppose uow that w{x, y) = const, repreaents the od* 
integral curves of (1); then by means of Uf each curve 
w = c passes over into the position of the adjoining curve 
w = c-\-Sc. At the same time every point of general 
position {x, y) passes through an infinitesimal distance. 
Art. 29, s/i'^+ri^St., of which the projections upon the j 
axes of coordinates are ^St and tjSt. 
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Now draw the tangent to the curve (n = c at the 
point {x, y) ; and lay off upon this tangent the distance 
iJX'^+Y^y of which the projections upon the axes are 




X and Y r espectively. The two distances -J^^+t^^ and 
v^X^+ Y^ determine a parallelogram of which the area, 
by a proposition of Analytical Geometry, is 

(X^-YOSt, 



1 



<5^ 



But this parallelogram, if we neglect infinitesimals of 
an order higher than the first, is equal in area to the 
rectangle constructed upon the base ^X^+Y^ with the 
altitude Ss, — Ss being the distance from the curve <a = e 
to the curve w — c + Sc, measured at the point x, y. Hence 
we have 



Hence we see that if M is an integrating factor of a 
given differential equation (1), M is inversely pro- 
portional to the area of the rectangle, one side of which 
18 the perpendicular distance, measured at a point of 
general posiHon (x, y), between the integral cv/rve throv^h 
that point and the integral cv/rve of the faitiily at an 
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infinitesimal distance from, that one; while the other 
side of the rectangle ia the distance i>/X^+ F*, measured 
off upon the tangent to the curve through the point {x, y), 
and from, that point. 

76. Let us apply the above result to a simple example. 

If equal distances, of length n, are laid off upon all 
the normala of a given curve 

the end points of the normals form a new cur\"e. If, 
now, n varies, we find a family of m' curves whicli are 
called the paralhl curves of the curve \lr = 0. The 
differential equation 

Xdy-Ydx^O (1> 

may always be integrated by a quadrature, if its integral 
curves are a family of parallel curves. For in this case 

the perpendicular distance between two adjoining integral 
curves is constant : so that, by Ai-t. 75. 



M^ 



1 



must be an integrating factor. 

Hence, if it is known that the differential equation 
(1 ) represents a family of oc^ parallel curves. 



is an integrating factor of {I). 
Conversely, it is easy to see that i: 



be an integrating factor of (1), the distance between t' 
adjoining cm-ves must be constant, and the curves t 
parallel. 
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The 00^ involutes of a given curve form a family of 
parallel curves ; and hence their differential equation may 
always be integrated by a quadrature. 

For example the involutes of the parabola 



are represented, as is shown in the Differential Calculus, 
by the equation 



Hence 



M. , ]_ 



must be an integrating factor of the above equation, aa 
may be at once verified. 

77. An ortltogonal trajectory is a curve which inter- 
sects at right angles each member of a given family 
of as'- curves. 

A family of x^ curves, represented by a differential 
equation 

Xy'-F-O (1) 

will evidently have oo^ orthogonal trajectories ; and 
their differential equation is readily obtained from (1). 
For, at any point of general position (x, y), the integral 
curve of (1) through tliat point is pei-pendicular to the 
orthogonal trajectory through the point ; hence, if y' be 

the tangential direction of the integral curve, -, must 

be that of the orthogonal trajectory. Thus if we 

substitute in (1) ; for y', we obtain the differential 

equation of the oo^ orthogonal trajectories of the integral 
curves of (1), in the form 

X+Yy' = (2) 

Keciprocally, the integral curves of (1) arc the or- 
thogonal trajectories of (2). 
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Example. It is required to find the orthogonal trajectories of 
the hyperbolas 

3ry = a. (a = parameter) 
The diiferential equation of these oo' curves ia obviously 
xdy + i/d.v = <i, 
or a'y + !/ = a 

Writing — ; in place of y', we find as the differential equation 
of the oi-thogonal trajectories 

or xd3>-ydy=Q. 

The variables are here separate, so that we find at once the 
integral curves 

x^-i/^=c ; ((;= parameter) 
which is also a family of hyperbolas. 

78. A famOy of «i curves in the plane is said to be 
iBotkermal when, together with their orthogonal trajec- 
tories, they form a network of infinitesimal squares. 








i — " ^1 








Is 






^_1 


.. 






If ; 

represent a family of 
trajectories will, Art 


V 

•dy 

iaot 
77 


~Ydx-0 

hernial curv 
of course, 

+ F<Jy-0,. 


(1) s 

es, their orthogonal ^H 

be represent^ by ^H 

(2) H 
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and both of the equations (1) and (2) may be integrated 
by quadratures by means of the geometrical interpre- 
tation of the integrating factor, Art. 75. 

For, if we consider any two adjoining curves of each 
of the families (1) and (2) which form a small square at 
the point (a;, y), the breadth, Sa, of the strips enclosed by 
both pairs of curves is the same, since &8 is the side of 
the infinitesimal square. 



Hence 



M^ 



,/W+Y^&a 



\ 



an integrating factor of both (2) and (1). 

But if two ordinary differential equations of the forms 
(2) and (1) have a commou integrating factor, this factor 
may be determined by a quadrature. For, if Jtf be the 
common integrating factor, by Art. 52, M miist satisfy 
the equations 

'dx '5y ' 



dy 



= 0; 



^ ZlogM yd log M ^ 



(3) 



3J_3F 

dx 'dy' 

„alogJf_-y. 3tQgJlf _ _dy 'dX 

dx Zy ~ dx Zy' 

From the laat two equations — -°--- and — ^ — may 

^ ac ay ' 

be determined as functions of x and y ; and, if these 
quantities satisfy the condition of integrability, Art. 51, 

3 alogJf ^ 3 ^ogjM 

Zy dx ~3x dy ' '" 
we may find log M, or M itself, by a quadrature from 
exact equation 



these 
j^. 51, 

(4) ^ 

>m the ^^H 
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If the above condition of integrability were not 
satisfied, (1) and (2) would have no common integrating 
factor ; and hence the families of integral curves would 
not be isothermal. Thus, that (3) shall give such values 

for - ^ — and — ^ — as satisfy (4) is a necessary 

condition that (1) shall represent an isothermal family. 
This condition ia also sufficient ; for if (4) is satisfied, 
(1) and (2) have a common integrating factor^that is, 
the quantity designated as & above must be the same 
for both families of integral curves, and these integral 
curves form a net-work of small squares, or are iso- 
thermal. 

If (1) represents an isothermal family of curves, there- 
fore, the common integrating factor M, of (1) and (2), 
may be found by a quadrature; aud the equations (1) 
and (2) may be integrated by another quadrature each. 



Example ]. The differential equation 

e presents an isothevmal family of curves, 
nijeutoriea are represented by 

o that the equatiuna (3) have the funna 



I 



(5) 

For the orthogonal 



giogj/ " , 31ogif_ 



Hence dlogM^ -ix SlogiT^ -4>/ ^ 

and it nmy be immediately verified that' the cnnditioii (4) ia 
Batisfied. Thns (5) repreaeTita an isothermal family ; and the 
integrating factor of (5) and (6) ia obtained from 



■>'osX.-i{-^^d^+^^,) 
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. We fiud 

logif=-2log(^+S«); 



and hence 



It may be at once verified that tbis is an integrating factor of 
(G) and also of (6). Hence, from (6) and (6) reapectively, we find 
by quadratures 

— T^- — -. = coiiBt,, -.f — T, = conat, 

&B integrals. 

The first isothermal family is that of all circleB whicii tnuch the 
,V-axis at the origin ; the second is that of all eirelea which touch 
the ;i;'-axiH at the origin. 

Of course equations (6) and (6) might also have been integrated 
by tlie method of Art. 64. 

79. In the following examples, such differential equa- 
tions as represent curve- families consisting either of 
isothermal or of parallel curves may be integrated by 
the method of Arts. 76-78. It may usually be seen, 
from the geometrical meaning of the equation given, 
whether the orthogonal family will be isothennal or not. 

Those differential equations which represent orthogonal 
trajectoriea which are neither parallel nor isothermal 
curves may he integrated by Art. 73. 



EXAMPLES. 
Find the orthogonal trajectories of the following curve -fa mi lies : 

(1) The straight lines y — aj^. (a =parameter.) 

(2) The parabolas y^ = iar, 

(3) The circles 3^+y'' = a\ 

(4) The parabolas ^- = 4o(./^ + a). 

(6) The ellipses — j-t-?j = I. (asconst., 6 = parameter.) 
' (e) The circles 3^-Mx + i/*~^.g + a^=0. 

(7) The ellipses "ii+va^"''- (ji^parameter.) 
(B) The circles .i^+y' + oj^-l =0 
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(9) The confocal conies ,^ I'^i^—^' (6 = parameter.) 

(10) The parallel curves y — CL — ^{po\ 

which result from translating the curve ^ = <^(;r) parallel to 
itself along the y-axis. 

(11) Apply the result of Ex. (10) to the case of the semi-cubical 

parabola 

(12) Show that the differential equation of the orthogonal trajectories 

of the curves in polar coordinates 

F(p, e, o)=0 
is obtained by eliminating c between the above equation and 

'be dS ^dp ^' 

(13) Find the orthogonal trajectories of the curves 

p = logt>an 6+ a, 

(14) Find the orthogonal trajectories of the curves 

0-a=<t>(p\ 
which result from rotating the curve 

0=<f>(p) 

around a fixed point in the plane. 

(15) Apply the result of Ex. (11) to find the orthogonal trajectories 

of the circles which result from rotating the circle 

p = 6cos 6, 
around one end of its diameter. 



CHAPTER VI. 



DIFFEEENTIAL EQUATIONS OF THE FIEST ORDER, 
BUT NOT OF THE FIEST DEGREE. SINGULAR 
SOLUTIONS. 

80. We propose to give in Sec. I. of thia Chapter 
methods for integrating some of the Himpier differential 
equations in two variables which are of the first order, 
but not of the first degree. 

In Sec. II. we shall see that a differential equation of 
a degree higher than the first is sometimes satisfied by 
a function which is not a function of the "integral- 
function " of the equation. This peculiar function, 
equated to zero, constitutes what is known as a "Singular 
Solution " of the given equation. A simple method for 
finding the Singular Solution — when one exists — of an 
invariant differential equation of the first order will be 
given. 



SECTION I. 

Differential Equations of a Degree Higher than the 
First. 

81. In Art. 55 it was shown that the condition that 
the differential equation of the first order 

£J(3!. 7/,7/') = 



I 
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shall admit of a given G, 

ia that the expression [^'(U) shall be zero, either identi- 
cally, or by means of fJ = 0. 

It is clear that this condition is independent of the 
form of ii, and hence of the degi'ee of the equation = 0, 
It will be borne in mind, however, that in order to apply 
the method of Art. 59 to integrate the equation Si = by 
a quadrature, when it is known that this equation admits 
of a given G,, U'f, it is necessary to solve Si = in terms 
of y', in the rorni, 

AY-r=o. 

The algebraic solution of = in terms of (/'is not 
always simple ; and in Cases II. and III. below we shall 
indicate methods by means of whicli that work may 
sometimes be simplified or avoided. 

82. Case I. Suppose that the equation 

U{x.y,y-) = Q (1) 

may be solved, algebraically, in terms of y' in such 
manner that the resulting roots will be jutional functions 
of X and y. Thus, if (1) is of the n"" degree, it may be 
written 

(y' - ^i{a^. y)W - <Hs^< y))-- iy - M'^, y)) = o. - -(2) 

where the 0^, ..,, 0„ are rational functions of x and y. 

In this case, since (1) can be resolved into the linear 
factors in (2), (1) is called a "decomposable" equation. 

But (2) is satisfied by writing 

y'-^{x,y) = 0, y--<l,lx, y) = 0. ... y-~,p,lx,y)=0;...(Z) 

and it the general integrals of the n equations (3) have 
been found, by the methods of Chap. IV., in the form 

y-^-i{cc,y,c,) = 0, y-^lx,y,c^) = ii,...y~^.lx,y,c„) = 0. 



I 



Ill ^H 

= 0.(4) H 

ii we ■ 

istant, ^H 
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the general integral of (1) will have the form 

{y-*j(3:,y,cJ}{y-*,(3;,i/,Cj)),... {y -*„(«!, ;/,c„)} 

But equation (4) loses nothing of its generality if 

B the arbitrary constants all equal to one, constant, 
say c. For, in order to find ajiy value of y, it is necessary 
to equate to zero one of the n factors on the left-hand 
side of (4), which gives an equation of the form 

T/-*t(a;, i/,c) = (5) 

Now since c is an arbitrary constant, by giving c all 
possible values, the form (5) may be made to contain all 
the integrals which may be derived from the corre- 
sponding ¥^ factor of (2). 

Hence we find as the general integral of the original 
decomposable dift'erential equation (1) : 

-*,(«, i/,c)}... {i/-*„(j:^, y, c)}=0. 

Suppose (2) to be of the secoud degree, of tlie form 
y-"-(j:+j)y'+^=0. (6) 

(y-.'^)(y-3')=0, 
■whence y' — x = (^, y' — y — G. 

Integrating the last two equations we find 

integral of (6) is 

83. Case II. If the given equation 
U{x, y, y') = 
can be readily solved vrith respect to y, in the fonii 

y = 'l>(x,y'). (7) 
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it is sometimes best to differentiate (7), regarding 
a variable aa well as x and y, and substituting in the 
result y'dx for dy. A diiferential equation of the first 
degree between x and y' must result. Integi'ate this 
equation by the methods of Chapter IV., and eUminate 
•if between its primitive and the equation 11 = 0. 

Example. Given y = ry^ + 2y. 
Heuce di/ = ;/Mx + 2x^'dy + £dy , 

or, putting j/'^j^ for t/i/, 

(j'=-yKa.+2W+i)rfj'.a 

This is nil exatu})le of Art. 68 ; and we find a 

If ' 

I integrate the exact differential equati 

a the general iutegral of tliia equation, 

(i/'-l)«j^-2(logy-i/') = conBt, 

The general integral of the first equation is to be found by 
eliminating .y' between that equation anil the last one. 

84. Case III. When the differential equation fi = 
can be readily solved in terms of x, in the form, 

":-*&, rt-O (8> 

it is sometimes best to differentiate (8), regai-ding y' as 

variable as well as x and y, and substituting -^ for dx. 

A differential equation of the first degree in terms 
of y and y' must result. Integrate this equation by 
the methods of Chapter IV., and eliminate y" between 
the resulting equation and = 0. 



1 




SINGULAR SOLVTWm. 
E3!am.ple. Given yy'^ + ia."^' =y. 

HUM '-'^f' 



Putting tor dx, -^. 



The general integral of thia equation ia g^=c. 
from tlie first equB.tioii, the generiU integral required is found to be 

85. All important equation of the form 

which is known as Clairaut's equation, and which may 
be integrated in a manner analogous to that employed 
in Case II., will be treated separately in the next 
Chapter. 

SECTION II. 
Singular Solutions. 

86, It will be remembered that in Art. 59 it was 
shown that if a given differential equation of the first 
order 

ii(.x.y.y')=^0, (1) 

admits of a known G^ 

I the differential equation may always be integrated by a 
quadrature, pro vifZed that the infinitesimal transforma- 
tion Uf is not tHvial loith regard to £2 = 0: that is, 
provided that the path-curves of Iff do not coincide with 
the integral curves of Q = 0. 



I 
I 



114 ORDIlfART DIFFERENTIAL EQUATIONS. 

But aow the question ariaes, may not a limited number J 
of path-curves of the ff, coincide with particular integral V 
curves of S2 = 0, when the Gj is not trivial ? I 

It will be found that such may bo the case. For,,^ 
along curves which are at once path-curves of the G, and ■ 
integral curves of = 0, the value of y' given by the Q^ 
must coincide with the value of y' given by [i = 0. 
Hence, to find such curves we only need to substitute 



in fJ = 0, and the resulting equation 

«(■'.». j) = (2) 

will give the path-curves of the G^ which are also integral 
curves of (I), if suck exist. 



But it is easy to see that we may also find in this 
way the equation to a curve which ia a path-curve of 
the (?j and which satisfies the given differential equation 
(1), but which is not a particular integral -curve of (1). 







SINGULAR SOLUTIONS. 
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For it may happen that the family of integral -curves (1) 
have an envelope, and if so, it is clear that the equation 
to the envelope will satisfy the differential equation 
(1); for at any point on the envelope the direction of 
the tangent to the envelope is the same as that of the 
tangent to either of the two consecutive curves of the 
family, which, from the Differential Calculus, we know 
must coincide in that point. Hence the value of y' at 
any point on the envelope will satisfy the differential 
equation ; and the equation to the envelope is called a 
"Singular Solution" of (1). Since at any point on the 
envelope two values of y' given by (1) must coincide, 
it is clear that equation (1) must he of at least the 
second degree in y' in order that the integral-curves 
may have an envelope. 

But now the family of integral -curves of (1) is in- 
variant under the transformation Uf; hence it ia clear 
that the envelope of the family, if one exists, is an 
invariant curve of which the points are interchanged 
by means of the transformation Uf. In other words, 
the envelope must he &path-cw}-ve of the Q^, Uf, of which 
(1) admits. To find this particular path-curve, we only 

need to substitute ^ for y' in (1); and the resulting 

curve, or curves, must, as we saw, be those curves in the 
plane for which the values of y' given by the differential 
equation (1), and by the Gj, are the same. Hence, we 
find by this method the singular solution of (1), if one 
exists; and, occasionally, as indicated above, a limited 
number of particular integral -curves of the differential 
equation, which are, at the same time, path-curves of the 

i'he particular integral -curves may be distinguished 
from the singular solution by the fact that the equation 
to a particular integral-curve may always be obtained 
from the general integral of (1) by assigning a special 
value to the constant of integration, while the equation 
to the singular solution cannot be so obtained. 
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If the equation (2) breaks up into factors, each factor I 
mtist be separately examined to see whether it i 
particular integral or a singular solution. 

It may be remarked that ^ ard i; cannot both be zero | 
along the enveloping curve of an invariant family ; for, 
as we saw above, the points of the envelope are inter- 
changed when the curves of the invariant family are 
interchanged, whereas all points on curves along which 
^= ;j = 0, are absolutely invariant. 



Example 1. Given 
Tbia equation ia homogeneo 



y sin*a +^- — J^sin'a =0. 

1, and hence is invariant under the Gj, ' 



v.4.-»% 



Thiis, according to the above theoiy, we find the singular 
if one exists, by substituting in tlie above eqnatioj 
We obtain, after an obvious reduction, tlie two cquatioi 

,r^ = (a-=+y5)co32a. 
The ifcueral integral ia found by Art, 59 to be 
.[■s+jZ-2w + (!^coa-a = 0; 
and heuce we see that 



which may be obtained from the general integral by assigning b 
the arbitrary constant c the value zero, is a particular integnd; 1 



which may be written 



must oonHtitute a singular solution, since these equations satisfy 1 
the given differential eqiiation, and cannot be obtained by assigning J 
any special value to c in the general integral, ' 
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Example 2. We know, Art. 71, that the differential equation 



admits of the (?„ 



y- 4^/ + 8^ = 



To find the singular solution, if one exists, we substitutt 
in the above equation, -^. Hence 

27y3-4r^/=0, 

The general integral ia 
and hence we see that ^ = is a particular integral, while 

is the singular solution. 

Example 3. The ditferential equation 

being free of y, admits of the (?, 



u/-. 



Since for thia 6',, hy= 1, Sj- = CI, we have 
Therefore we write the above equation 
and, substituting for y' the value x , we fii 



L 



This ia a singular solution, since the differential equation possesses 
the general integral 

The geometrical meaning of the singular solution in connection 
with the 00 ' curves represented by the general iutegral is obvious. 
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EXAMPLES. 

Integrate the following differential equations, finding the singu- 
lar solutions, when such exist, as well as the general integrals. 
For types of invariant equations, see Art. 73. 



(l)/2_5y + e=0. 

(3) :ry2+3<pyy+2y2=0. 

(6) y'3+2ay2_y2y2_2^3^y 

(7).y=(l+a;)/2. 

(9) 3^2_gyy' + ^^_2y=0. 
(11) y^-xif-\-a^}/\ 
(13) y^a^+ hi/\ (Art. 83.) 

(15)^2^^2(1+^2). 

(17) /22^+2^=2^. (Art. 84.) 
(19) ^'2=i+y2. 

(21) xyH2/^-^^)^yf'^^. 

(23) xy"^-%y}/-\-^x^^, 

(25) 4y2^(^_a)(ir-6)={3.r2_ 

(26) ohfT/^-Axy'+y^O. 



(2) y2_a3^2=o. 

(4) y'{2/+y)=3c{x-\-y). 

= 0. (6) y'^ + 2yy'cotx=y\ 
(8) yy2+2^~y=0. 
(10) 3yy2- 2:^3^/ + 42^2 _^=o. 
(12) :j?y'2 _ 2yy + a^ = 0. 
(14) ^+,y=/2. 
(16) 2^=^2+2/3. 
(18) ^=y+log/. 
(20) my — 7ixr/=y^\ 
(22) yy'^-\-{x-y)y^=^x. 
(24) y*=4y(:iy- 22^)2. 
2.r(a + 6)+a5p. 

(27) y'2+2^y=4a%. 



CHAPTER VIL 



BICCATrS EQUATI(.1N AND CLAIEAUT'S EQUATION. 

87. We propose in this Chapter to make brief mention 
of two important historical ditferantial equations of the 
first order, which are known respectively aa Riccati'a 
equation and Clairaut's equation. The treatment of 
these equations sketched here will be the same as that 
of the ordinaiy text-books : for, although both equations 
may be treated most advantageously fi-om the standpoint 
of the Theory of Transformation Groups, that method 
would require a more extensive knowledge of these 
groups than it is advisable to give in an elementary 
text-book. 

SECTION I, 

Riccati'a Equation. 

88. This equation takes its name from that of an 
Italian mathematician, Riccati, who was the first to 
discuss it. 

The general form of Riccati's equation is 

g-.fW.!/'-V.<«).j-xW=0; (1) 

but this equation can only be integrated in a few special 
cases : and the particular form usually discussed is 



'^-'V+V- 



..(2) 
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wliere a, b, c, 7i, are certain Constanta. By introducing 
into (2) the new variables z = x'^, '^'^'Za- ^^**' equation 
takes the form 

.-J-+- u^= s" (3) 

a special form of (1), which is itself sometimes designated 
as Riccati's equation, instead of the more general equa- 
tion (1). 

The equation (2) happens to be much more easy to 
discuss than equation (3); and it is easy to deduce from the 
condition that (2) shall be integrable the condition that 
(3) shall also be integrable. We shall first show that 
equation (2) is always integrable when n = 2a; then we 
shall show that the integration of (2) may always be 

made to depend upon this case when —^ — is a positive 

integer. 

89. Case I. The equation 



dx 



-ay+by^=caf^.. 



..(2) 



I 



is always vntegrable when n = 2a. 

Let us assume y = !c*c ; then (2) becomes 



and if n = 2a thi 



dx 

1 equation becomes 
,..dv 



dx 
dv 



- bi''^ = I 
dx 



..(3) 



In this equation the variables are separate, 
it may be integrated by a quadrature. If y 



that 
If we return to 
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the original variables, we find the exact differential 
equation 

x'^dy — ayafi'^dx , , , , « 
by^—cx^ 
of which the general integral is given by 



,(4) 



2|'>0*:g° 



Ce 



-1 



{-bc)^af\ 



according as b and c have the same or opposite aigns- 
C being the arbitrary constant o£ integration. 

90. Caae II. The equation 






-m 



I 



Let us assume 



!;=^ + -. 



^K th 

L 



where A ia a constant to be determined. The equation 
(2) ia easily seen to take the form 

~aA+bA^+{n~a + 2bA)-+b—^-~^-^ = a£«....(5) 
Vi Vi Vi <^^ 

We shall choose A so that the constant in this equation 

shall be zero; thus we may choose A = t, or A={i, so 

that there are two aubrlivisiona for thia caae of the 
problem. 
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(1) If, in the first place, -^ =t, the last equation, after 
a slight reduction, takes the form, 

^^-{o.+n)y^+cy^^=^hx^ ^^^ 

It is seen that (6) is of the same form as (2), except 
that h and c have changed places, and a has been 
changed to a +71: and this change was brought about 
by substituting in (2) 

a , x"^ 

in place of y. 

Hence, if in (6) we make the substitution 

a+7i . x^ 

it is clear that (6) will take the form 

a;^-(a+27i)i/,+6i/2«=ca;» (7) 

where h and c have again changed places, and a + 71 has 
become a+2n. 

Thus, if X successive substitutions of the above forms 
are made in the equation (2), that equation will take 
either the form 



or the form 



.^y\ 



according as X is odd or even. 

But by Case I., the equations (8) and (9) are in- 
tegrate if 

'yi = 2(a + X'M), 
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(2) Secondly, let us assume A^Q. Tlien (2), hj 
I means of the substitution 



B readily seen to take the form 



dx 



■ (n—a)yi + cyi^ = bx\ 



..(10) 



an equation which is identical with (6) except that a 
has become —a. If the preceding aeries of substitutions 
are now made, the final result will be found to be the 
same except for the sign of a. Thus the equation (2) 
will be integrable when 

n + -2a , 



Combining these results we see that the equation 

x-£^-ay+hy^=cx» 

is integrable whenever —^ is a positive integer. 

From the nature of the substitutions employed in 
the above two eases, it is clear that the general integral 
of Riccati's equation, when that equation is integrable 
by the above method, will be given in the form of a 
finite continued fraction, the last denominator of which 
is to be foimd by a quadrature. 

91. We found, in the last article, as a condition of 

integrability, that -^ — should be a positive integer, 
say X. ^^ 
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If we assume — r. =X, from (1) Art. 90, we have the 

series of substitutions 

a . x'^ 

a+n . x^ 

^^=— ■'^' 

a+2n , x^ 

a+(\-l)n , x"" 

^^- ^— +^x' 

where /x has the value b or c, according as X is odd or 
even. 

From these equations we have 

a x'^ 
^"b a + n x^ 



' ^+..., (11) 

the last denominator of the finite continued fraction 
being 

a+(X-l)-yi x"" 

The value of y\ is to be determined by a quadrature 
from one of the equations (8) or (9). These equations 
may now be put into exact forms, analogous to (4), 
writing a + Xn for a : 

a^+x»cZyx-(a+X^.)yx«^+^"-^da; ^^x,-i^^O, ...(12) 
and 

by\ —cx^ 
X being supposed odd in (12) and even in (13). 



If now 1 



n + '2a_ 
2n ~ 



2n-a , 



-+% 



it ia easy to see that y will have the value 

I. iC» 



.,.(14) 



Jwhere the last denominator is 



Also, ^n is to be found from one of the following exact 
equations, which result from (12) and (13) by changing 
a into —a : 

^^:^:^^^?^^<^^2'>^:::^'^^+^^"--M«:=o,...{!5) 



x^'-'-dyx-(\n-a)y^x^'' 



■'da; = 0, ...(16> 



\ being odd in (15) and even in (16). 

Thus, when — s is a positive integer, (11) in con 

nection with either (12) or (13), according as A is odd o 
even, will represent the required genei'al integral. 
n + 2a 
'2a 

with either (15) or (16), according as X is odd or even, 
will represent the required general integral. 

92. By making use of new constants, the equation (3) 
which is itself sometimes designated as Riccati's equation, 
may obviously be written 

--j-+hu^ = cs'" (17) 
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K, in place of Z 

peiiilent variables x 



we introduce the new inde- 
= Uie, (17) becomes 



■y+by^- 



But we know that (18) is integrable when 

(_m+2)±2_ 

-2(m + 2,"-^' 

where \ ia a positive integer. Thia is therefore the 

condition that the special form (17), of Riccati's equation, 

shall be integrable. 

Making use of the negative and of the positive signs 
' 1 the above condition, we find 



■and 



-4X 

'"2X-1' 

^-4(\-l) 
2\-l " 



..(19) 
..(20) 



By changing, in (^0), the integer X into \ + l, which 
is obviously allowable on condition that X may assume 
the value zero, as well as any positive integral value, 
<20) may be written 

— A\ 

..(21) 



-4X 

'2X+r- 



Here, if X = 0, m = 0; and since for X = in (19) we 
also have m = 0, it is clear that X may admit of the same 
series of values in (19) aa in (21). 

Combining these results, we see that Riccati's equation, 
ill the special fo)~m (17), is integrable whenever 
-4X 
^ = 2T±T' 
X beiiig zero, or some positive integer. 

When the negative sign is used in the last equation, 
the general integral is given by (11) in connection with 
{12) or (13) according aa X is odd or even. When the 
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positive sign is iised, the general integral is given by 
(14) in connection with (15) or (16) according as \ is 
odd or even. 

Example. Giv^H the equation 

t-'^-''- <^^) 

Tliia is a case of eqtiatiim (17). By a ubsti tilting i/jx for u, the 
cqiiatioii takes the form of (18), 

^^-yf-^-^'^" '^> 

The condition of iiitegrabilitj (J9) 

»-^. <■»> 

or \ = 2. 

Hence, the integral of (23) ie given by tile equation (11) in 
connection with (13). Here we have 

a = l, X = 2, n=-%, a+7iA.= -J, i=-], c = 2 ; 
hence (13) hecomes 

-y^-lx ^ 
This is an equation of the form (4), where the n, b, and e of that 
equation have the respective values 

-i, -1,2. 

Thus, since b and c have opposite signs, the integral of the last 
equation is 

ya =s'2x~*tan(C+ 3^3 .c"*). 
This value of y, substituted in 

■H*17^^ <"■> 

gives the general integral of (33) ; and if in that result we restore 
to y its original value itx, we find the general integral of (22). 
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^1 SECTION II. 

^H Clairaut's Equation. 

^^^ 93. The equation of the form 

^m y=^-y'+'i>{y') (i) 

^^^ IB generally known as Clairaut's equation. Although an 

^^V equation of the firat order, it is not usually of the first 

^^1 de^:^e. 

^^1 Difterentiating (1), regarding y' as a variable, as well 

^^M as X and y, we find 

■ »■-»•+ (.i+ffe'Mjl'; (2) M 

^^H from which follows either ^H 

^B or 3;+^V) = (3) H 

^^P From the former of these equation.^ follows ^^| 

^H ^' = (c = const.) ^H 

^H so that, from (1), the general integral must have the ^™ 

^1 .y=ca;+^(c); (4) 

^^H and that this is correct may be immediately verified by 

^^1 difierentiation. 

^^1 But now, if we eliminate y between (3) and (1) we 

^F obtain a relation between x and y which satisfies (1) 

also, and which is therefore a solution of the equation. 

But this solution will obviously not contain an arbitrary 

constant, nor will it be included in the general integral (4). 

^H It is easy to see that this is what was designated, 

^^m Art. 86, as a singular aolution of (1) ; for the equation 

H y = cx + <l,(c) (4) 

^^M represents a family of oo ^ straight lines. If they have 

^^B an envelope, it will be found, as is well known, by 
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f eliniiuating c between the above equation and the 
[■ equation obtained from the above by diiferentiating it 
I with respect to c, 

0=a: + ^'(c) (5) 

But the result of eUrainating c between (4) and (5) 
must be the same as the result of eliminating y' between 
the two equations 

y=xy'-\-(j>{y'\ 

0=x + ,p'(y'); 

[ and hence the curve represented by the resulting equation 

I will be the envelope of the family (4) — or a singular 

I Bolution of the differential equation (1), 

Of course the method of hnding singular solutions by 

differentiation as here indicated might be employed in 

all CEises, instead of the method of Art. 86 ; but by this 

method we usually find too much — not only the envelope 

of the curve-family, if one exists — but various other loci 

which may exist, composed of multiple points, cusps, etc. 

The method of differentiation is generally the most 

I simple for finding the singular solutions in the case of 

I Clairaut's equation; since, of course, there can be no 

multiple points or cusps on one of the straight lines (3). 
I It is clear that a complete primitive representing a 
system of oo ^ straight lines will always give rise to a 
differential equation of Clairaut's form — the singular 
solution of the equation being the curve to which the 
straight lines are tangent. 

194. A more general equation of a form similar to (1) is 
2/-a;V(!/')+*(/) (6) 
Differentiate, regarding ^' as a variable as well as x 
and y: hence 
: 



I 



= V(j') + [a:f'(j') + 0X»')]^. 









■m 
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But this equation is linear in x, and may be treated 
by the method of Art. 68. If the general integral of (7) 
has been found in the form 

the elimination of y' between this equation and (6) will 
give the general integral of (6). 

Example 1. Given 



y^^J^"^. 


(8) 


This ia an example of Clairaub'a equatioD 


. DifTerentUtillg, we 


"(-?)* 








^=c, 




e general integral is seen to be 




y-«H.^. 




^jni '-^-" 




=>>■"• j'-Vii 





and this value of ^', Nubatitiited in (8) gives as o. singular solution 

Hence -we see that the singular solution is the equation to a 
parabola, while the general integral represents its oo ' tangents. 

Example 2. Given 

x+y^=mj'^. (9) 

This is seen to be an equation of the form (6). Differotitiating, 
we find, after eliminating^. 



or, corresponding to (T), 

iV 1/0+!^) 1+y' 
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The general integral of (10) ia, by Art 68, 

"^=^1+^^'"+° log(y'+^'rTyS)} ; (11) 

and the elimination of i/' between (11) and (9) will give the general 
integral required. 



Integrate the following equations (l)-(5) by Sec I. : 



(9)ya-2;^-I=y=(l-a:S). 
(11) ^a_2(,^_2)y+j,i=o. 



(8) y=:c/+y'-y=. 

(12) (^-^')(a/-6}=a 

The Bingular solntiona, as well aa the general integTala at the 
differential equations to which the following geometrical problems 
give rise, are to be found and interpreted. Tor geometrical for- 
mulae, Bee Chap. IV., Examples. 

(13) Determine a curve such that the sum of the intercepts made 

by the tangents on the axes of coordinateH shall be constant 
and equal to a. 

(14) Determine a curve such that the portion of its tangent inter- 

cepted between the ai.es of 3i and y shall be constant and 
equal to a. 

(15) Determine a curve such that the area of the right triangle 

formed by its tangent with the axes shall be constant, and 

(16) Determine a curve such that the projection upon the axis of y 

of the perpendicular from the origiii upon a tangent is 



CHAPTER VIII. 

TOTAL DIFFERENTIAL EQUATIONS OF THE FIRST 
ORDER AND DEGREE IN THREE VARIABLES, 
WHICH ARE DERIVABLE FROM A SINGLE PRIMI- 
TIVE. 

95. In fchia chapter we ahall indicate how the integra- 
tion of an ordinary differential equation in three variables 
of the form 

Fix. y, z)dx+Q(x, y, z)dy-\-R{x, y, z)dz = 

may, under certain conditiona which we ahall develop, 
be made to depend upon the methods given in Chap. TV. 
for the ordinary differential equation of the first order 
and degree in two variables. 



The Genesis of the Total Differential Equation in 
Three Variables. 

96. In Chap. I. it was seen that an equation of the 
form 

Q(x, y, c)=0, (c = const.) 

when treated as a complete primitive always gives rise 
to an ordinary differential equation of the form i 



X(x,y)dy-Y{x,y)dx = 0. 
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Similarly, if the equation in tliree variables, 

is given, wo find by differentiation 



ac 



33 



which, when c has been eliminated by meana of F = 0, 
may be written 

P{,x, y, z)dx + Q{x, y, z)dy + B(x, y, z)ds = 0. ...(1) 

Equation (1) is called a total differentia] equation — 

the word total being used in contradistinction to the 

word partial in the definition of a partial differential 

equation in three variables, Art. 15. 

If the equation 

F(iB, T/,s, e) = 
be solved in terms of c in the form 

Sl{x, y,z) = c. (2) 

we find, by differentiating (2), 

an , , sa , 



£Zi2 = 



ac 



^33 



= 0. .. 



...(3) 



The equation (3), which, for obvious reasons, is called 
an exact differential equation, must of course be equi- 
valent to (1), since li = c ia equivalent to F = 0. Hence, 
when an equation of the form (1) is given, if it is to 
be reducible to the exact form (3), certain conditions 
must hold. That ia, there must obviously exist a 
function fi(x, y, z) such that. 




134 


ORDINARY DIFFERENTIAl 


; EQV 


we obtain from (4), 










^Cl- 


-S)= 




-% 




-.(g- 




-1- 


■«|. 




rdR 


■"£)■■ 


-1- 


-1- 



Multiplying the first of these equations by R, the 1 
second by P, and the third hy Q, we find as the I 
condition that (1) may have a general integral of the [ 
form (2), 



SECTION II. 



Integration of the Total Differential Equation in 
Three Variables. 

97. We saw in the last aection that the condition (5) 
must be satisfied, in order that the total equation (1) 

Pdx + Qdy-i-Rdz = 0, (1) 

may be derivable from a primitive of the form 

^i^, y, 2) = const. 

It ia clear that that condition wilJ be satisfied if the , 
variables in (1) can be separated in such manner that 
P, Q, and R contain only the variables x, y, and z, 
i-espectively ; and the general integral of (1) will, 
that case, obviously be given in the form 

^P{x)dx,+^Q{y)dy-¥^R{z)dz = coniit. 
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Example. Given 

The variables may here be separated by dividiiig by xyz ; and 
■we find 

The general integral is, therefore, 

logi^+logjy+logz=coiiet., 
or xyz=e. (c'-const.) 

98. The equation (1) may sometimea be rendered exact 
by an integrating factor which suggests itself. For 
instance, the equation 

zydx — zxdy—y^z=Q, 
for which the condition (5), Sec. I, is aatiafied, becomes 
exafit when multiplied by the factor ~^. We then have 
yd^—xdy 



= 0, 



( 

L 



of which the general integral is obviously 

— log 2= const. 
y ^ 
£19. If, however, the variables in (1) cannot be aeparated 
by inspection, and no integrating factor auggeata itself, 
the uaual method for integrating (1) — supposing the 
condition of integrabihty to be satisfied — is as follows : — 
Since the condition (5), Sec. I., is satisfied, a general 
integral of (1) of the form 

^{x, y, 2)=const (2) 

exists, which, when totally differentiated, must give rise 
to an equation equivalent to (1). Suppose that one of 
the variables in (2), say 2, is temporarily regarded as 
a constant ; then the equation resulting from totally 
differentiating (2) will have the form 

Pdx-^Qdy=^0 (6) 
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Now the general integral of the ordinary differential 
equation in two variables (6) will clearly include the 
general integral of (1), if in place of the arbitrary 
constant of integi'fttion an arbitrary function of z JB 
inti-oduced. In order to determine the form of this 
function of s, it is necessary to differentiate the general 
integral of (6), considering z also as variable, and com- 
pare the total differential equation thus resulting with 
(1). This will give rise to a second ordinary differential 
equation for determining the arbitrary function of z. 

The choice as to wkicfi of the three variables is to be 
regarded as a constant will be determined by the form 
of the resulting equation (6). It may sometimes be 
easier to integrate, by the methods of Chap. IV., one of 
the two equations 

Pdx-\-Rdz = 0, Qdy + Rdz = 0, 
which result from considering y and x respectively as 
constants, than to integrate (6). 

Exajuple. Integrate the equation 

{yrf.p+a'rfy)(&— 3)+ayrf2=0. 

Here the condition (5), Sec. I., is found to be satisfied. If we 
aBBunie 2 to be coiiataut, as iu this case ia most convenient, the 
term aydi vanishes, so that the given equation, after dividing 
by (6 - 2), becomes 

The integral of this ordinary equation in two variablea is 
3f^=conat. = i^(j). 
Differentiating, we find 

^dx+3:dff--pdz = 0. 
In order that this equation may be equivalent to the first one, 

dz b-s' 
dj>_ ^ 
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Here the 






separate, ho that an immediate integration 
*» = .(—»). (o.cou.t) 

The required general integral is, therefore, 

100. We sliall give a method, based upon geometrical 
considerations, by means of which the total equation (1) 

P^-\-qdy+Rdz=0 (1) 

may, when the condition (5) of the last section is 
satisfied, be integrated by integrating one ordinary 
differential equation of the first order in two variables. 

Since (5) is satisfied, (1) has a general integral of 
the form 

Q{x,y,z)=c) (2) 

and (2) represents x' surfaces in space, called the 
integral surfaces of (1). If we cut these surfaces by a 
family of <»^ planes, say,' 

z = x-\-ay; (a=con8t.) (3) 

then for each value of a, we obtain co^ curves of inter- 
section of one of the planes with the oo^ surfaces (2) ; 
and these curves are represented hy a differential equa- 
tion in X and y. To find this differential equation, we 
only need to eliminate s and dz from (1) by means of 
(3) and of 

ds'^dx + ady ; 
giving the differential equation in the fonn 

^(cc, y, a)d3: + -\}/-{x, y, a)dy = (4) 

If, now, (4) has been integrated, by the methods of 
Chap. IV. — a being an arbitrary constant — we may 
easily find the co^ surfaces (2), since we know their 
50^ curves o£ intersection with the planes (3). For the 
00^ curves of intersection which pass thi-ough one point 
on the axis of the family of planes (3) wiU in general 
form one of the integral surfaces (2). 



1 
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Now a point on the axis of the planes (2) is evidently 
determined by 



(« = const,) 



and if the general integral of (4) be 

W(x, y, a) = const.. 



...(S) 



I 



in order for the curves (5) to pass through the point 
1/ = 0, a; = yc we must have 

W{x, y, a)= W{k, 0, a) (6) 

When a varies, (6) represents the oo' curves through 
the point j/ = 0, x = k\ and if k also varies we obt^ain 
successively the oo' curves through each point on the 
axis of (3). That is, if by means of (3) we eliminate 
n from (6), we obtain the integral surfaces required in 
the form 

r(.,,,^0-4.o/-^)=o. 

Thus the complete integration of (1) has been accom- 
plished by integrating one ordinary differential equation, 
(4), in two variables. If the constant a happens to 
factor out of (4), some other family of planes must be 
used in place of (3). 

This method is theoretically better than that of Art 
99, since only one differential equation in two variables 
has to be integrated ; but the differential equation (4) is 
often more difficult to integrate than are equations (6) 
and (9) of Art. 99. 

Example. Given 
This equation evidently aatiafiea (5), Sec. I. ; and if we write 
the equation (4) becomes 
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This is a linear equation, with the general integral 

W{x, y, a) = ^'(y + j-^) =c, (c=con8t) 

Hence equation (6) has the form 



z — x 



or, writing for a, 

y+z-x y+z-x 
that is, €?%y + 2) = const. 



EXAMPLES. 

Integrate the following ordinary differential equations in three 
variables, after verifying that the condition (5), Sec. I., is satisfied: 

(1) {y-\rz)dx+{z-\rx)dy+{x-¥y)dz=0, 

(2) xzdx+zydy=(y^+x^dz. 

(3) (x-'Zy-z)dx+(2y-'Sx)dy+(z'-x)dz=0, 

(4) ayh'^dx + bs^a^dy + ca^^dz = 0. 

(5) {y+aydx+zdy—{y+a)dz=0, 

(6) (y^+yz)dx+(xz+2^)dy+(y^-xy)dz=0, 

(7) (2a^+2xy+2xz^+l)dx+dy-\-2zdz=0, 



CHAPTER IX. 

ORDINAEY DIFFERENTIAL EQUATIONS OF THE 
SECOND ORDER IN TWO VARIABLES. 

101. In this chapter we propose to develop a theory 
of integration for ordinary differential equations of the 
second order in two variables analogous to that developed 
in Chapter IV. for ordinary diflfercntial equations of the 
first order. 

The liTiear differential equation of the second and 
higher orders will be treated separately in Chapter XI. 



SECTION I. 

Exact Different/ial Equatiowi of the Second Order. 

102. If an ordinary differential equation of the second 
order of the form 

be given, we know that the complete primitive, or 
general integral, is an equation involving two inde- 
pendent arbitrary constants, Cj, c^, of the form 

It may be shown by means of the Theory of Functione 
that if the complete primitive of Q = be written in the 
form 

y-W{x,o^,c^) = 0; 



I 
I 



EXACT EQf^ATIONS OF SECOND ORDER. 141 



I 



be a eecond equation, which, ■when treated as a e 
primitive, gives rise to the same differDntial equation of 
the second order, f2 = 0, then it must always be possible 
to choose the dj, o^ as such functions of c^, c^, say 

Oi = \i(cpCj), a^ = \{Ci,c^, 
that Wix, Cj, Cj) = w{x, Xj, \g). 

If the above complete primitive '^j = be differentiated, 
an equation of the form 

^a(^i V' y'> *^i' "2) — *^ 
will result, from which, by means of "^^1 = 0, c^ and Cj 
may be successively eliminated, giving rise to two inde- 
pendent differential equations of the first order of the 
form 

*i(3^. V< y'> *'i) = 0, ^i{x, y, y', c^ = 0. 

The elimination of y' between $j = and $3 = would, 
of course, give "^^ = again. 

Now let #1 = be again differentiated, and c, be 
eliminated from the resulting differential equation of the 
second order by means of #i = (). By this means we 
must obtain the given differential equation of the si 
order, li = 0. This last equation must also, of course, be 
obtained by proceeding similarly with *2 = 0. 

The differential equations of the first order, #j = 0, 
#2=0, may, on the other hand, be considered as having 
been derived by an integration from iJ = ; and for this 
reason, #,=0. #2=0 are said to be Jirat vntegrals of the 
^ven differential equation of the second order, f2=0. 
From the manner of their genesis it is seen that there 
can be only two iTidependent first integrals of S2 = 0, 
although the whole number of first integrals is infinite. 
That is, the constant of integration of any third first 
integral of Q = 0, of the form 

#s(^' y< y' ' ^i)~^ 
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can always be expressed as a function of the constants of 
any two independent first integrals ; otherwise, by 
eliminating y' from *j = and *2 = by means of *3=0, 
two different forms of the complete primitive, '^^ = and 
"^=1), would be found, which is impossible. 

For a method of expressing the general integral in the 
form of an infinite series, see Art. 122. 

E.vampU. It may be readily verified tliat the ordinary differ- 
ential equation of the second order, 



has the first integrals 



:ycot(x + a); 



{a\b,« 



nats.) 



but only too of them are independent Tor, Bquaring and adding 
the second and third, and comparing with the first we find that a 
relation of the form 

must exist. Also, developing cot{x-\-a) in tiie fourth equation, and 
comparing the result with the sum of the second and third, we find 

c-l-6tani[=0. 
Hence, 6 = aeoaii, c=— nsina; 

and only two of the four constants are independent. 

The general integral of the original diiFereutial equation may be 
found either by integrating any one of the first integrals again by 
the methods of Lliap. IV., or by eliminating -^ between any two 
independent first integrals. Tims the result of eliminating -^ 
between the second and the third of the above first integrals will be 



. _. *L c 
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Alsi>, the first of the four firat integrals may b 

which integrated gives 



in(i 



If now we put ni = ( 

the last equation reduces t 



I 



which is evidently tlie general integral as found above. The same 
result may, of course, be found by eliminating 3^ between the flrat 
utd fourth of the first inte^iuls. 

103. A differential equation of the second order 

IB said to be exact, when the expression Qdx is the exact 
differential of a function of the form F(x, y, y') Since 
the equation 12 = is derived from F(3:!, y, y')=c by 
direct differentiation, y" can only occur in the first 
degree. Otherwise il = will not be an exact differential 
equation. 

Thus the exact differential equation of the second 
order may be written 



3F 3F 



3F , 



= 0, F^F(x,y,y-)..(5) 

In order to integi'ate this equation completely, we 
notice, first, that we can determine how the variable 1/' 

3F 
enters the function F by integrating the term ~, y" 

with respect to y'. If the expression thus found be 
diffei-entiated totally with respect to x, and the result be 
subtracted from the first member of (3), the remainder 
must be a differential expression of an order not higher 
than the first. Also since this remainder is the difference 
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o£ two exact differentials, it must itself be an exact 
differential, and y' can occur in it only to the first 
degree. Its integral, together with the terms already 
found by integrating with respect to y', will be the 
integral of the whole equation (3). 



Example. The eqiiatio: 



^/+^'^-yy=o, . 



ia eiict. For the term involving y is xy^', and this being integrated 
with respect to y gives :ryi/. The laat expression when differ- 
entiated totall/ with respect to x gives 

Subtract this result from the first member of (4), and the remainder, 
- S^y. will iJso be exact, having for its integral -y\ Hence equa- 
tion (-1) is exact, and a first integral ia 



} divide (4) by ^, it will be a 



Dud first 



Hence the complete iirimitiv 



Lie's Differential Equations of the Second Order. 

104- Of course not every differential equation of the 
second order is exact ; and there is no genera! method 
for integrating all such equations when not exact. It 
will be our object, however, to show in this paragraph, 
how the knowledge that the given differential equation 
of the second order admits of, or is invariant under, a 
given G^ can be used to reduce the problem of integration 
m a number of the most important classes of differential 
equations of the second order. These invariant differ- 
ential equations of the second order are sometimes called 
"Lie's Equations of the Second Order." 



led H 
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105. Suppose that the mfinitesimal transformation 

of a given ffi in two variables be twice extended by 
Art. 47 ; in the four variables x, y, y', y" the twice- 
extended infinitesimal transformation will have the form 



where ,'.£-y' £ f = -f-f- 



The necessary and sufficient condition that an equation 
in the four variables x, y, y', y", of the form 

may be invariant under the Gj U"f is, by Art. 42, that 
the expression U"{Q,) shall be zero, either identically, or 
by means of fi = 0. It was also shown in Art. 43 that if 
V,, V, and w be three independent solutions of the linear 
partial differential equation 

the most general form of the invariant equation, 11 = 0, 
is obtained when [J is expressed as an arbitrary function 
of u, V, and w, say 

il{x, y,y', y")^F{u, v, wj) = 0. 
Or, if we choose, we may solve F = in terms of one 
of the three quantities u, v, or w, say in terms of w, 
and thus put the most general invariant equation in 
the form 

Iw_$(u, v) = 0. 
But X and y may be interpreted as point coordinates 
in a plane ; and y' and y" as the differentials 
dy ^ 
: .: 



J 
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respectively. In this case the equation JJ = is a differ- 
ential equation of the second order in the variables x and 
y ; and if the expression U"{H) is zero, either identically 
or by means of = 0, the differential equation £2 = is 
said to be invariant under, or to admit of, the 0^ V"f. 

Now the differential equation Q = represents a doubly 
infinite system of curves in the plane ; and that the 
equation £i = shall be invariant under W'f means that 
the system of curves must be invariant under Vf alao. 
For, if we designated the new variables, as usual, by 
Xj, 1/j, y{, yl' , and the transformed equation by 01=0, 
then, by hypothesis, fi, must have the same form in the 
new variables that £2 had in the variables a;, y, y', y" : 
that is, £2^ = must represent the same family of curves 
that £2 = i-epresented. 

But this family of curves will also be transformed by 

and at any point of general position {x, y), y' and y" will 
receive the same increments, Art. 47, by means of JJf, 
that they receive at that point by means of TJ"f. Hence, 
a point P, in the plane which satisfies the system of 
values X, y, y', y", will always be transformed by means 
of Uf to the point P^ which satisfies the system of 
transformed values ajj, y^, y^' y^"; and it is clear that 
since P passes to the same position P, under the trans- 
formation Uf that it does under U"f, and since y' and y" 
are transformed by Iff exactly as they are by U"f, the 
family of curves, represented by Q = 0, must also be 
invariant under Uf. Thus it is clear that the condition 
that a differential equation of the second order 

Q(x,y,y','y") = 

shall be invariant under the twice-extended ffj U"f, is 
the same as that the family of <x>^ integral -curves of 
£2 = shall be invariant under Uf 



..(1) 



.,(2) 
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When the condition that U"{Q) is zero, either identically 
or by meana of fi = 0, is satisfied, we sometimea say, for 
brevity, that ^2 = is invariant under the 0^ Uf, instead 
of under the twice-extended 6, U"f. 

106. We have a general method, Art. 23, for deter- 
mining the quantities u, v and w of the preceding article, 
and we have seen, Art. 66, that when u has been found 
from the differential equation 

dx_dy 

f "T ■ 

then V can be found as the second integral-function of 
the system 

dx_dy _ dy' 

T"V"T 

by meana of a quadrature. Unleaa the path-curves of 
the ©I, which are represented by 

V, — const., 

are known, it will be necessary to perform an integration 
to find u from the above differential equation of f£e first 
order (1); but we shall show that when v. and v have 
been found, w can he found by mere processes of differ- 
entiation. Also w, as will be seen, must necessarily 
contain y" ; and as v{x, y, y') was called, Art. 37, a 
differential invariant, of the given Gj, of the first order, 
so w{x, y, y', y"), for reasons which are obvious, is called 
a differential invariant of the given 0^, of the second 
order. 

107. We shall now show that when u and v have the 
meaning of the last article assigned to them, and are 
known, that w, the third independent integral -function 
of the system 

d^ ^dy _dy' _di/' 



(3) 



can be found by differentiation. 
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To this end let a and b be any two constants. Th 

v-au~b = (4) 

is a differential equation of the tirst order which is 
invariant under V"f, since 

U"iv-au-b) = 0. 

If now a is supposed to retain a fixed value, while b 
varies, (4) represents co^ differential equations of the first 
order which are invariant under IT"/. Each of these 
differential equations represents co integral curves in the 
plane, so that there are oo^ families, each of oo' curves, 
which as a system are invariant. This system of co^ curves 
must be represented by a differential equation of the 
second order, which must also be invariant under Wf. 
We obtain this diiferential equation of the second order 
by differentiating 

vi:x,y,y')-au{x,y) = b 
totally with respect to x. Hence, we find, 
dv du 
d^-"^-^ <^> 

y^^ -"'<>-• <■'■) 

or, briefly, w{x, y, y', y"}— (t = (6) 

Since (6) is invariant under the Gj, we must have 

by means of w— o = 0. But, since a is a constant, 

U\w-a)^U\w), 
that is, U"(io)^0; 

and w is a solution of the liuL'ar partial differentia] 
equation U"f= 0. 
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From (5") we see that since v inuat contain y', w must 
also contain i/" ; lience we can take thia function to be 
the third solution of U"f^i), that is, the third integral of 
the aystem (3). It is seen further from (5) that 

dv 

w= -^; 

au 

HO that the moat general invariant differential equation 
of the second order may always be written in the form 



g-*(»,.) = 0. 



-m 



108. The complete integration of (7) may be accom- 
plished by the integration of an ordinary differential 
equation of the first order in two variables, together with 
one quadrature. For (7), as is seen by its form, may be 
considered a differential equation of the first order in the 
variables u and v, and if (7) has been integrated, say in 
the form 

« = *(»,«), (8) 

this will be a differential equation of the fii-at order in 
X and y, since v contains y'. But since u and v are 
solutions of 



w- 



■fl-'l+v^ 



= 0, 



it is clear that the equation (8) must admit of the G, U'f. 
Hence, as we know. Art. 59, (8) may be integrated by a 
quadrature. 

Summing up the above results it is seen that the com- 
plete integration of a given differential equation of the 
second oiSer, which admits of a known G^, may be 
performed as foUows : 

A differential equation of the firat order must be 
intearated to find u — unleaa the path-curves ii = const. 
of tlie 6, happBTi to be knovm- — then a quadratwre ia 
neceeaary to find v ; then the integration of a differential 
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equation of the first order between u and v ; and finally 
a quadratwre. 

A method which is theoretically an improvement upon 
this one is given Art. 163. 



GiasBea of Lie's 



SECTION III. 

Differential Equations of t 
Order. 



109. We shall now apply the results of the last para- 
graph to find the classes of differential equations of the 
second order, which are invariant under some of the moat 
common G^'s in the plane, and which are therefore 
integrable by the above methods. 

110. To find all (Ufferential equations of the second 
order wkieh are invariant under the G^ of tran^laticma 
along the x-axis. 

Here the G, haa the form 



I 



and it ia seen at once that i)' = »j 
extended C, haa the form 



' = 0, that ia, the twice 1 



Thus it is necessary to find three independent integral-J 
functions, u, v, w, of the simultaneous system 
dx_dy _ dy' _ dy" 

T~'o~'o~~"o~' 

It is obvious that we may assume 

, dv y" 

"' ^' du y' 

,_ „ _ dv 
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The most general invariant diiFerential equation of the 
second ortler has therefore the foim 

f(!/,!/'.|;)-0, 

where, of course, since y is itself an integral-function of 
the above simultaneous system, y" might be written in 

place of —,\ that is, any differential equation o£ the second 

order whach does not contain the variable x is invariant 
under the translations along the x-axis. 
If F = be written in the form 



or, Art. 107, 






it is aeen that we obtain a differential equation of the 
first order in v, and v. Its integration will give an 
equation of the form 

v = \lr(u, q), (Ci = const.) 

or y' = ^(2/. Ci). 

This equation must also admit of the given Gj, Art- 108 ; 
hence hy Art. 59 a quadrature gives the general integral 
sought in the form 

, , ^ . —x = c^. (C2 = const.) 

If F = has the special form 

it is only necessary to assume 

„ dv 

» = », y -"s' 

and the equation may be integrated by two quadratures. 
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Example, Given y^— y^=0. 

Here, according to the above method, we put 

in order to obtain the differential equation of the first order 
between u and v. 



Hence 



or 



uv-j — rr=0. 
du 

dv_v 
du~u 



A quadrature now gives - = <H> 

whence, by a second quadrature, 

111. In a manner entirely analogous to that of the 
last article we may find the differential equations of the 
second order which are invariant under the G^ of 
translations along the y-axis. Since 

it is seen at once that we may write 

dv „ 
u = ic, v = y, 'm; = ^ = 2/ . 

Thus all differential equations of the second order, 

F(x,y',y") = 

which do not contain the variable y, are invariant under 
the translations along the y-axis. 
If F = be written in the form 

y"-^(x, 2/0=0. 
or £-*(^' ")=0. 
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it is seen that this ia a differential equation of the first 
order in u and v. Its integration will give an equation 
of the form 

v = \(f(u, Ci), 
or ^'=T^(a;, Cj), 

80 that a quadrature will give the general integral- 
required in the form 



= l*/r{a;, c{}dx+c^ 



Example. Given (1 -iir')y — jy-2 = 0. 
Tbie equation, not conCaining the variable ^, admits of 

-^■%- 

Hence we must aubatttute 



o that there resulta 






y^ 






This equation in 
another quadrati 



»'-?CT<"-'+'.> 



id y must also admit of Uf, Art, 109, bo that 
ves the required general iutegrai in tlie form 

112. It may be remarked that the equation 

y"=Mv') (1) 

that is, the general differential equation of the second 
order in which neither of the variables ia present, admits 
of both of the Gj's 
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We find from (1) by a quadrature 



or, say y' = w(x-\-e^); 

whence, by a second quadrature, i 

^= l'M)(a; + Ci)(ic+Cj. 

113. To Jind all differential equations of ike second 
order -which are invariant under the G^ of affine traiis- 
formationa 

The twice -extended G, ia 



V_,,V-9..«V, 



while the simultaneous system to be integrated is 
d£c_dy _ dy' _ dy" 
'x~T~^'" -ly"' 
It ia evident that we may assume, Art. 63, 
u^y, v^xy'; 
^, ^ dv zdy'-i-y'dx xy" + y' 

au Uy y 

The required differential equation of the second order 
has therefore the form 



d(xy^ 



-^(y,xy') = Q, 
-^(y,xy') = 0. 



By integrating this differential equation of the first 
order, a result of the form 
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is found ; and since this last differential equation of the 
first order is known, Art. 108, to be invariant under 

a quadrature will give the general integral required in 
the form 

y^Q(x, Ci, €2)^0. (c2 = eonat.) 

114 In an analogous manner the most general differ- 
ential equation of the second order which is invariant 
under the G^ 



since v, = x, v=- , will be found to have the form 

y 

y^ \ yj 

It should be noticed that the so-called abridged linear 
equation of the second order of the form 

y"+X^{x)y'-itXix)y = 0, 

where X^ and X are functions of x alone, is a particular 
case of the general differential equation of the second 
order which is invariant under 

For the above invariant equation may obviously be 
written 



y \ y^ 
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if we suppose '^ to have the special form 



-(-1) = 



-X^ix).^~X{x), 



the invariant equation will asaume the form of the 
abridged linear eqnation. 

A furtrher discussion of this equation will be given in 
Chapter XI. 

116. To find all differential egvations of the second 
order which are invariant under the 0^ 

Here it is readily seen that 

where ^' and ^" are written for 

dx' da? 
respectively. Thus the most general invariant differential 
equation is 

<py"-i>"y~^{x,^y'-<l>'y) = (}. 

If if) is an integral-function of the abridged linear 
equation of the second order 

y"+X^{x)y' + X,(x)y = 0, 
that is, if satisfies the identity 

,p"+X^{x)4>'+Xi(x)<i, = 0; 
then the general linear equatiou of the second order 
y"+X,(,x)y'+X^{x)y + XJix)^0 
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■will be a particular case of the above invariant difierential 
equation. 

For we only need assume $ in the form 

*= ~X^(xX<l,y'-i}>'y)-XJix),j>, 

when the invariant equation becomes 

that is, since satisfies the abridged equation 
S/"+X,(x) y'+X^(x)y + X^x) = G. 

116. To find all differential equations of the second 
order whiek are invariant under the G^ of perspective 
transformations 

It is seen from Art. 64 that we may liere assume 

« = ■', u = y , 
X " 

,, , dv xy" 

sa iiliat J- = — ^— . 

du , y 



Thus the most general invariant differential equation of 
the second order is 



^-*(I.^-)=°^ 



s it may obviously be written, 
f(!/-,-!/-,|)-0. 
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The integration of the differential equation of the first 
order m u = - and v = y', 

will give a result of the form 

,--,(|,c) = 0.^ 

This equation must, of course, admit of Uf, and hence 
its general integral, and thus the general integral of 
F = 0, may now be found by a quadrature. 

Example. Given the differeDtial equation 

Thia is obvionaly an equation of the form F=0. Hence it may be 
Tnitten in the form ,■ i \ 

and, in fact, we have .^jL — '^=o. 



Hence "=I - I 

At v I 

that is, i'=c,w, 

/-¥■ 

A quadrature will now give tlie general iutegral required in the 

117. The values of u and v for the groups 

3/ , 9/ W 3/ 3/ 3/ ,3/ , 3/ 

are given Arts. 66-73. It will be a valuable exercise for 
the reader to find the corresponding invariant differential 
equations, or Lie's equations, of the second order. 
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118. The criterion that a given differential equation of 
the second order, 

shall admit of a given twice-extended G^, 



is that the expression 




.3^ , 



an , ,30 , „3S2 

'■dy "dy • -dy 



shall be zero, either identically or by means of £i = 0. 
It is often possible to find, from this condition, the Gj of 
which the given equation admits, as is best illustrated by 
an example. 

Example. The condition that the equation 

Bhatl admit of Uf, ia that the expression 

shall be zero identically, or by meana of !2=0. On comparing this 
eipreaaion with li=0, we Bee that for ^ = 0, »j = y, and thus ri=y', 
^-^y", we have ir(n) = 2Ji. 

The given eqnatioa muat therefore admit of y^, and hence be one 
oy 

of the type 

ttnd, in fact, it may be 
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a equation of the first order which may be integrated, Art. 67, by 
a quadrature. Since the resulting equation will admit of the G, 

a second quadrature will give ua the general integral of the given 
differential equation of the secoad order, 0=0. 

119. We shall apply the theory of integration of this 
paragraph to an example involving geometrical con- 
ideratione. 

A family of curvea in the plane is often defined by an 
equation expressing a relation between such magnitudes 




as the aiibtangents, the radii vectorea, the perpendiculars 
from the origin on the tangents, etc, giving rise by that 
means to a differential equation of a certain order. 

For example, suppose it is required to find all curves 

I which are defined by a relation between the line r 
connecting the point {x, y) with the origin ; the angle i/«- 
between thia line and the radius of ciorvature, p ; and 
the radius of curvature itself. Such a relation is given 
by an equation of the form 




It is geometrically evident that such a curve will pass, 
by means of a rotation, into a congruent one. In other 
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words, the family of curves represented by * = admit 
of the Gj of rotations 

where, of course, the values of r, \p; and p, in # = 0, are 
to be expressed in Cartesian coordinates. 

Since, in the variables x and y, # = will be a differ- 
ential equation of the second order, and since we know 
the path-curves of Uf, it is clear that, by Art. 108, the 
above family of oo^ curves may be determined by the 
integration of a differential equation of the first order, 
together with a quadrature. 

120. In integrating the following differential equations 
of the second order, the equations should first be examined 
to see whether they are exact or not. Art. 103. If an 
equation is exact, its integration may. Art. 103, be 
reduced to the integration of a differential equation of 
the first order. 

If the differential equation of the second order is not 
exact, it should be compared with the types of invariant 
equations. Arts. 110-U7 ; and if the equation belongs to 
one of those types, its integration is to be accomplished 
by the method indicated for that type. 

If the equation is not exact, and does not belong to 
one of the given types, the G^ of which it admits is to be 
sought by the method of Art. 118. 

In examples (l)-(25) it should be verified geometrically, 
whenever practicable, that the family of co^ integral 
curves found admit of the (?j which was used in 
integrating the differential equation. Thus, it is geo- 
metrically evident that the integral curves 

x^ +2c-iX+y^ + 2c^y = 
of Ex. 26, which are the co^ circles through the origin, 
admit of the 0^ of rotations. 

We give, for convenience of reference, a table of some 
of the more important invariant differential equations of 
the second order. 
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Oroup of One Parameter. Type of Invariant Differential Equation. 
(l)Uf=l^ (1) F(y, y, /)=0. 

This inTariant equation includes, of course, the types 

F(y.y°)=o, F(y,/)=o. 

(2) jr/sg, (2) F(^.y',/)=0. 

This equation includes 

F(,x,f)=0, F(y',y^=0. 

(3) Uf^ J^, (3) F(y, X2/, ^) =0. 

(6)jy=*g+y|, (5)F(|,y,-^'')^0. 

EXAMPLES. 

(1) yy'+y"=i- (2) (i-^)/-:ry+y=o. 

(3) i/"=xe', (4) y''=^+8in^. 

(l)yY=a. (8)/= ^ 



(9) ay«=l+y». (10) /=/*+!. 

(11) y= -(y'+i). (12) ay''=(i+/i')3. 

(13) :ty +y = 0. (14) y - ^ =/(y''). 

(16) (i+«2)y+i+y2=o. (16) (i-^)y'+ay=x 

(17) ^+y=^. (18) (a2-^)y-^y+|!=o. 

(19) /+yy=0. (20) y(l-logy)y'+(i+logy)y2=o. 

(21) /= J- (22) x^'-xy'^+y^=0. 

(23) a;ay-:ty-3y=0. (24) xi/^^-3>yf-yy'=0. 

(26) a^f-xy'+y^O. 

(26) (a^» +/)/ - 2a?y'3 + 23^3^'^ - 2.i^' + 2y = 0. 
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The following geometrical examjjiea lead to ordinary differential 
equations of the second order which iidmit of a, Gy The formulae 
(or a plane curve given, Art. 73, together with the two gireu bel<>w, 
are convenient for reference. 

Differential of an arc s, measured from a fixed polut on the cdtvb 
np to a point {x, y). 



Radius of Curvature, 



idius of curvature is proportional 



u which the radiua of curvature 



taugent on the axis of j:, 

(28) Show that the cuive whose r 

to the cuhe of the normal i 

(29) Eequired the family of curve 

is constant and equal to a. 

(30) Determine the family of curves in which the radiua of curva- 

ture is equal to the normal (a) when the two have the same 
direction, (b) when the two have opposite directiona. 

(31) Determine the family of curves ia which the radius of curva- 

ture is equal to twice the normal (a) when the two have the 
same direction, (6) when the two have opposite directions. 

(32) Show that if t is the angle whicii the tangent at any point 

(j;, ff) on a given curve makes with the a^-axis (see figure, 
Art. 119), while p is the radius of curvature at that point, 
all curves defined by a relation of the form 

il(x, T, p)=0 
may be determined by the integration of a differential 
equation of the first onler and a quadrature. 

(33) If the angle between the j^-axisand the line joining the centre 

of curvature with the origin be designated by $, and if ^ 
have the meaning of Art. 119, show that all curves defined 
by a relation of tne form 

n(^,T, ^)=0 
between the three angles A, t, may be determined by the 
integration of a differential equation of the first order and a 
quadrature. 



CHAPTER X. 

THE DIFFERENTIAL EQUATION OP THE m'" 01 

IN TWO VAEIABLES. 

121. In this chapter we propose tx) indicate briefly^ 
how the methods of Chapters IV. and IX, for integratinj 
invariant differential equations of the first and second 
orders may be extended to equations of an order highex 
than the second. 



SECTION I. 
Lie's Differential Equations of the 7?i'* Order. 

122. A differential equation of the m^ order in two I 
variables has the general form I 

n(3;, y, 3/', ...,2/f™') = 0. 
where ti must, of course, actually contain j/'"' ; and the 
complete primitive, or general integral, (Art. 5), of this 
equation has the generaJ form 

■*-(a!,3/, ci, ...,c„) = 0, 
where Cj, . . . , c„ are m independent arbitrary constants. 

We saw ia Art. 73 that the geueral integral of an ordinary 
differential equatiou ot the first order in two wariablea may always 
be expressed id the fomi of an infinite eeriea involving one arbitrary 
constant. We shall now show that the general integral of the 
ordinary differential equatiou of the m* order in two Tariablea 
may, similarly, be expressed as an infinite series involving m i 
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arbitrary constants— although, as in Art 72, we shall not investi- 

fftte the question of whether this aeries always couverges or not. 
t may be remarked that this method for obtaining the general 
integral is of little practical value for such equations as are neither 
linear (Chap. XI,) nor reducible to a linear form. If 

y""=F,{^,y,y',...y— ') (I) 

be the given differential equation, by differentiation we find y+'i 
as a function of 3: and y, and the differentia! coefficients up to the 
m", if F| actually contains y™"", SubBtituting, in the result, for y™ 
its value as given by (I), we find fory"*", 

y"+" = F,(;^,y,y,...y"-"). (2) 

Differentiating (2), and reducing as before, we find 

y-^'' = Fa(;<.,y,y',...y"-")i (3) 

this way we see that all differential coefflcieDts of 
order higher than the m"' are expressible in termB of 
i, y, y, — , y-"", by means of (1). 

Now when we assign to a: the initial value ^0, let the correspond- 
ing initial values of y,y, ...,y"'~" be represented by yo,yi,', ...,^o'"~"i 
while the second members of (1), (2), (3), ... become F^l"', Fj™, Fj"",... 
respectively ; then, by Taylor's theorem, we find, aa in Art. 72, 

In this expression for the general integral of (1), x'a >s a special 
numerical value of x ; and, as the F,"" are functions of the m 
arbitrary constants y[„ y^, . . , yo"""'', (4) really contains only m inde- 
pendent arbitrary constants. 

123. We shall now give a method for finding all 
differential equations of the m"" order, = 0, which ai« 
invariant under a given Q^ Such equations are some- 
times designated as " Lie's equations of tlie m"' order." 

In order to find all differential equations of the second 
order which are invariant under a given G^ 



fy-«»^.!/)2+')(«.!/). 
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we saw that, if 

represent the twice-extended G^, it is necessary to find 
three independent solutions of the linear partial equation 
in four variables 

cry-o. 

If these solutions are represented by 

dv 



v-ix.y), v{x,y.y'). 



du' 



«<(«, y, i, y"\ 



then the moat general invariant differential equation of 
the second order is 

F(u, v,w) = 0. 

In an entirely analogous manner we may see that 
to find the most general differential equation of the third 
order which is invariant under JJf, it is necessaiy to find 
four independent solutions of the linear partial differ- 
ential equation in five variables 

where U"'f ie the thrice-extended G^, 80 that 

Just as we saw in Art. 107 that we could assume 
_dv 
~ dy.' 
so now, if Wr, V, v) be three solutions of V"f=0, the 
function 

dw_d% 

du ~ dv? 

may be seen to be a fourth solution of (7"'/=0, which 

must contain y'". Hence the most general invariant 
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differential equation of tlie third order has the form 
= 0. 



\ ' ' du' rfuV 

the path-curve8 of the ff^ 

V. = const. 

axQ known, it will be necessary to integrate a differential 
equation of the first order in two variables 
dx_^dy 

l'~T 

to find M. Then v. Art. 56, may be found by a quadrature, 
and of course the other two solutions 

dv dH 

dv.' dv? 
by mere differentiations. 

It is obvious now that the most general invariant 
differential equation of the m*^ order will have the form 

-,/ dv dH d^-'^v\ . 

Flu, V, -T-, J— „, ... j -- „ 1 =0; 
\ dvb' du^ du^-y 

and it is clear that, in the most unfavourable case, this 
differential equation may be established by the integra- 
tion of a differential equation of the first order in two 
variables, a quadrature, and (m — 1) differentiations. 
Since u and v are given. Arts. 62-68, for the ffj of those 
Articles, of course the corresponding invariant differential 
equations of the m^ order may be found, aa indicated 
above, by mere differentiations. 

In accordance with the definitions of differential in- 
variants of the first and second orders, given Arts. 57 
and 106, we now define the function 

dh 

dv,' 
as a differential invariant of the {■i + 1)"' order of the 

e.cy. 
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124, By Arts. 42 and 43 it is clear that the necessary 
and sufficient condition tliat a given ditterential equation 
of the m"" order, . 

shall be invariant under a given G^ Uf, is that the 
expression 



an , 



,„)3n 



shall be zero, either identically, or by r 
where 



Vmf, 



■€^4^4^- 



..+5" 






is the m-times extended Oy 

In order to reduce the pro"blem of integrating £2 = 0, 
we must first find u, by inte^ating, if necessary, 

T"T' 

Then v may be found by a quadrature ; and the above 
differential equation of the m"' order may be put into 
the form 

„/ dv '^"''^''^_o 
\ ' ' du' '" dii'^'V 



^/ dv d'"-^v\ „ 
\ du du^"^ ^/ 



or, if we choose, 
d"^-^v 

This is a differential equation of the (m — l)"* order in u 
and V. If its general integral has been found in the 
form 

V—f{u, Cj, Cj, ... Cm-l) = 0, 

the last equation will be a differential equation of the 
first order in x and y, which, by Art. 42, must admit of 
the given G, JJf\ and hence the general integral of 
ii =0 may be finally found by a quadrature. 
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SECTION II. 



of Lie's Differential 



of the in"" Order. 



125. We shall now illustrate the method given in the 
last section for finding classes of invariant differential 
equations of the m'" order by some of the simplest 



126. To find all differential equations of the m'* 
tyrder which are invariant under the 6^ of translations 
along the x-axis, 









Uf. 






Art, 62 


, we 


ll«V8 










» 


■», » 


-S' 


.». 


dv 
di 




dw 
di' 


d'v 
-53 


,£_ 


IF 


J^', 



Thus the most general invariant equation of the : 
order may obviously be written 

or, in the equivalent form, 

Hence, an equation of the m''' order, 12 = 0, which is 
free of x, admits of the (?,, Uf; and may always be 
written aa an equation of the {m— l)**" order in the 
variables u = y,v = y', in the form 



,/ dv d'" ^v\ 
[u, V, -J-, ... - j ^ , ) = Q. 
\ du du™~'/ 
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127. To find all differential equations of the m^ order 
which are invariant under the 0^ of all translations 
along the y-axis, 

Here, by Art. 62, we have 

dv 
u = x, v = y ; w = ^- = y , 

dw ^ dh) ^ ,„ 

d^^d^^y ' ^^• 

Hence, in this case, the most general invariant differential 
equation of the m^ order has the form 

F(aJ,3^,y^...2/<">)=0; 

and it is obvious that it may be written as an equation 
of the (m — 1)*^ order in the form 



„/ dv d'^-'^v\ ^ 



128. To find all differential equations of the m'* order 
which are invariant under the G^ 



-vL. ...-dv_ y"y-y'^ ^'!/' (y\\ 

V \vJ' 



Here we have, Art. 63, 

y' 

u=x, v=—; w=^-= » - . 

y du y^ y ^y 

^^^^yl-s'^y-+2(y')' etc 

du du^ y y y \y/ ' 

Hence the most general invariant differential equation 
of the m*^ order may be written 

\ y y \y^ y y y ^y^ ^ 
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or in the equivalent form 



a(x,^ 



y y 



Thus I 



I every equation of the form 13 = 0, of the m*'' 
order in x and y, may be written in the fonn of an 
equation of the {m — l)"" order in u. and v, by making 
the substitutions indicated above. 

It is seen that the so-called abridged linear equation 
of the m*'' order, of the form 

is a particular case of the equation S2 = 0. 

129. To find all differential equations of the m"^ order 
which are invariant under the G, 



I 



Here, by Art. 1 15, wo have for V. and v the formH 
-'p"'y + 4'Y-'l>"y'' etc. 



du'' 



I 



Hence, the most general invariant differential equation 
of the m^ order may be written 

^{x,<py'-^'y,^y"~4,"y,tf>y"'-<i;-'y + ^'y"-^"y',...) = Q. 

Any differential equation of the m*^ order of this 
form may be written as an equation of the (m — 1)''' 
order in the variables u and v by making the substitu- 
tions indicated above. 

It may be noticed that the general linear equation of 
the Tn"" order 

f-^ +X^.^{x)y^-^-^ ^ ...^X.^ix)y' +X^{x)y^X^{^) = () 




fia an ^^M 
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is a particular case of the equation F = 0, if . 
integral -function of the curresponding abridged linear 
equation. The proof is precisely analogous to tliat of 
Art 115 for equations of the second order. 

130. It will be very valuable exercise for the reader 
to find the differential equation.? of the 3"^. 4"", ... orders, 
which are invariant under the simple ffj's given in 
Art. 117. 

131. It may be noticed that the simplest form of 
differential equation of the m"* order that is invariant 
nnder the Gj 

Uf.f 



.i»,.. 



..(1) 



where X is a function of x alone. It is obvious that the 
general integral of this diiferential equation of the m"" 
order may be found by m successive quadratures. 

132. It is clear that when the equation of the type of 
Art. 126 has the special form 

n(j,B,y(i+i), ...^m)) = 0, %<m 

its integration may be facilitated by assuming '\f^ = z. 
The equation li = is then of only the (m — i)"' order in 
the variables a; and s, 



I 



"(«.£■■■ £^)-^ 



and is of the type of Art. 126 still. 

Its integration will give a result of the form 

s = y<')=#(a;, e, ... c„,_i); 

so that, by the preceding article, the general integral 
required may now be found by i successive quadratures. 
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This method is particularly applicable when 12 = has 
one of the simple forms 

I2^2^™)_/(3^«-i))^0 (2) 

or n = yM-f(y('--^>) = (3) 

The first equation, when we put 2/<"'-i> = 3, becomes 



■/(»), 



and may be integrated by a quadrature giving e as a | 

function of X and one constant. 

The second equation, when the same substitution is 
made, becomes 

for the integration of which a method is given in Art. 
110, by means of which s is found as a function of x and 
two constants. 

Example 1. Given j/'y"=s/"i+y"2. 
This ia an example of equation (2), Art. 132. Hence, assume 



whence ' 

Thus, solving for 



x=c-t-JT+?. (c=con8t.) 

quadi'aturea the general integral may now be 



Example 2. Given aY'=/'. 

Tliia ia an exaniijle of equation (3), Art, 132, If we write ; for y", 
the equation becomea ^2g' — ^ 

By Art, 110, we find from this 
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X __x 

Hence, from j/'^c^e^ + c^ ", 

by two successive quadratures, we find the general integral 

X __« 

EXAMPLES. 
Integrate the following differential equations : 

(1) ay"=2. (2) ay"=y'. (3) y=(j^ 

(4) y^-xcosx. (5) a!y' = 2y". (6) «^*'+4co8«=0. 

(7)y»>=a;e'. (8) y"=8m'x. (9) y"=l+co8a?. 

(10) y"=y(i+/). (11) 2^'y'=y"'-a«. (12) y'y3=i. 
(13) x!^+zf'=o. (14) y'y'=(i-y")(i+y")*. 



CHAPTER XL 

THE GENEEAL LINEAR DIFFEBENTIAL EQUATION 
IN TWO VABIABLES. 

133. In the first section of the present chapter we shall 
give a method for finding, by mere algebraic operationa, 
the general integral of the ordinary hnear differential 
equation of the in'^ order with constant coetScients and 
the second member zero. 

In the second section we shall give methods for the 
aame eqtiation, when the second member is not zero. 

In the third section we shall show how the knowledge 
of the fact that the general linear differential equation is 
always invariant under a known G^ may be used to lower 
the order of the equation. 



SECTION I. 

The Abridged Linear Equation of the m'* Order, with 
Constant Coefficients. 

134. The differential equation of the tti*"" order of 
the form 



S<->+J».,(«)!/<"- >+... + X,WS=iW .. 



■■(1) 



is known as tlie general U/near differential equation of 
the wi"" order. Wo reserve for the third section a 
treatment of this equation when the X; are functions of 
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X ; for the present we assume that the Xi are all 

conatanta, so that (1) may be written 

sM + ^,.,!/<-«+...+^,!/ = XW. (2) 

The last equation is known as the general linear 
equation of the m"" order ■mth constant coe^icients. If, 
in particular, 

X(x)^0, 
the equation (2) becomes 

j<->+J,.., !/<-»+.. 



+ Aj,' + A,y = 0, . 



...(3) 



which is called tlie abridged linear equation corresponding 
to (2). We shall discuss equation (3) in this section. 

135. Although, as we know from Art. 128, (3) 
invariant under the 0, 



V-vi, 



¥ 



V 

so that the integi'ation of (3) may be reduced by the 
method of that article, a more expeditious way of finding 
the general integral, and one not involving any processes 
of integration, -mil now be explained. 

To this end, substitute in (3) for y the value 

y = €f", 

where a is a constant to be determined. It is seen that 

each of the terms of (3) will be multiplied by the factor 

6°*, which may therefore be discarded, so that we have 

a'^+A^_ia'"-'^ + ...+A^a+A^ = (4) 

This is an algebraic equation of the m*^ degree in 
terms of a; and for each root, a;, of this equation, it 
is clear that we have a corresponding particular integral 
of (3) of the form 



I 
■ 



„ be the m roots of (4), the e 
e='"^+Cje^+...+Cme«™*, 



■■(5)1 
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will be the general integral of (3), Art. 122. For this 
equation contains m independent arbitrary constants, 
and the value of y given by (5), when substituted in (3), 
satisfies (3) identically. 

Gii^en the abridged linear equatioa of the eecond 

The corresponding algebraic equation of the second degree is 

with the roots 2 and 3. The general integral of the diiferential 
equation is therefore, by {5), 

That this is correct may be immediately verified. 

136. In the case when (4) has a double root, say 



I 



the equation (5) no longer represents the general integral 
of (3). For in that case the first two tunns in (5) 
reduce to the form 

where c^+c^ may obviously be replaced by a single 
arbitrary constant c ; and since (5) now only contains 
(m — 1) independent arbitrary constants, it is no longer 
the general integral of (3). 

In order to obtain the general integral, let us suppose 
that the above-mentioned two roots are not exactly 
equal, but that they differ by a quantity «, which will 
ultimately be made to vanish. The part of (5) depending 
upon the roots a^ and a^ will then have the form 

Cie'"^-l-c,e<'"+''"^ (6) 



I 



'4<;i-|-C5,(n-K3^+^ + -..)} 



= e"'=^ j (Cj -(- Cj) + fjKa: + Cjic jg— I- . . 
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Since Cj and Cj are arbitrary, we may 
be infinite in such manner that, as ic 
Ggjc approaches a finite quantity B^, while 



and c^ are! 
11 o . at c^^+c^ ia 

finite and equal to By Thus the sum (6) has the rorm 



taken with opposite signs, in such manner that c, +> 
- "" ■• -"' ■ lie tor 



80 that, when *: = 0, (6) becomes 

e'^{B^-\-B^}. 

Thus we see that in the case when (4) has a doubl&J 
root ffli^aj, the arbitrary constant {G^ + G^ must 1 
replaced in (5) by a binomial expression of the form 

In an entirely analogous manner it may be show 
that if (4) has aa r-fold root, the r terms coalescing ii^a 

(5) must be replaced by a polynomial of the form 

e''i'{B^+B^x+...+BX-^}. 
Example. The algebraic equation corresponding to 

has the double root 3. Keuce tbe general integral of the differ-l 
entia! equation is y=e^Bi+B.^). 

137. When (4) has a pair of imaginary roots, 
corresponding constants ot integration are to be assumee 
imaginary in order that the pair of terms in (5) may t 
reduced to a real fonn. Thus, if 

be a pair of imaginary roots, the corresponding terms inV 

(6) are 

= e*'[(ci 4- Cg) cos ^x + ij^i . (Ci - c^) sin 0x]. 
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1 Cj be considered imaginary, and if we 

ci sought will be 

"(ilcos^ai + ^sin^ex). (7) 

readily seen, as in Art. 136, that if a pair of r-fold 
ly roots occurs in (4), each of the arbitrary con- 
I in (7) must be replaced by a polynomial of the 
)*'' degree of the form 

B^-\-B^ ■>!■... +B,af-\ 
Example, Given y-6y + I3y=0. 
'he corresponding algebraic equation, 

a'-6a + 13 = 0, 
has the pair of imaginary roots, 

ai = 3 + av'^, 02 = 3-2-/^ 

Hence, hy (7), the general integral ia seen to be 

y=^Acoa^+ BsmZii). 



SECTION II. 

The Linear Equation of the m'* Order, with Constant 
Coeffi,<A&nts and the Second Member a Function of x. 

138. The problem of finding the general integral of 
the equation 

y("'i+A^_,y("^-'>+... + A,y = X{x) (1) 

is intimately connected with that of finding the general 
integral of the corresponding abridged equation 

?/"">+^™-iy<'"-^>+.-.+Aj/=o (2) 

For suppose that the general integral of (2) has been 
found in the form 

i/ = c,e-»^+(i,e-.'+...+c„e''">', (3) 
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and that <l>{x) iB any function of x which satisfies (1),— 
then it is clear that 

y = c^€''i'+c^ii'^-\-...-\-c^e.''^-'r<j^x) (4) J 

i the general integral of (1). For, if we denote thej 
second member of (3) by Y, the result of substituting 

y~Y+^^x) (4),| 

in (1) will be equal to the sum of the results of substituting^ J 

y=Y, y = tfix) 

The first of these results will be zero,] 
because Y satisfies equation (2) ; the second result will I 
be X{x), because ^{x) satisfies (I). Hence (4), which I 
contains ni independent arbitrary constants, must, Art. I 
122, be the general integral of (1). 

We shall call the function <j){x), which does not contain J 
any arbitrary constant, a jKiriicuid)- integral-function of 1 
(1) ; the function Y is usually called the complementary M 
function. 

Thus, when a particular integral-function of (1) i 
known, the general integi'al of (1) may be found byl 
adding this function to the general integral of (2). 

139. There are numerous methods for finding i 
general integral (4) ; and probably the most elegant is 1 
that based upon the theory of Transformation Groups. T 
But this method will have to be reserved for a later I 
occasion, since its application presupposes a knowledge i 
of groups of more than one parameter. 

The method which most naturally suggests itself is, by \ 
diSerentiation and (if necessary) elimination, to derive 
from (1) a ditferential equation of the (m-i-n)*^ order in 
which the second member is zero. The general integral 
of this equation, found by Art. 135, will contain (m+n) 
arbitrary constants, and will be of the form 



^^m arbitrary 

L: 



5,eM+B/'^+ ... -|-£,„e*-'+ ... +£„+,/"■> 
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where the B; are arbitrary constants. But this eeneral 
integral of the differential equation of the (m+n)" order 
must necessarily include the general integral of (1); 
and since the complementary function' of (1) has the 
form (3), TJi of the O; above must coincide with the m, ot 
in (3). Thus the algebraic equation of the {m-\-nf 
degree of which the bi are the roots, Art. 135, has m, 
roots in common with the algebraic equation corre- 
sponding to the abridged equation (2), Hence, when the 
at have been found, the n 6, in (5), which do not coincide 
with the ai, may be found by solving an algebraic 
equation of the n^ degree only. 

Suppose now that b^ = a^, ...bm — o,m', then the n arbi- 
trary constants B^+i, ■■■ ^m+n ii (5) (w^ Buperfiuous for 
the general integral of (1); and these n conatanta may 
be so determined, by substituting the value of y from (5) 
in (1). that (1) will be satisfied. Since the value of y 
given by (5) must satisfy (1), no matter what values the 
jSi, ... B„ have, we may facilitate the determination of 
the jS„+i, ... B^+n by assuming Bi = 0. ... B^ = 0. 

Example 1. Given ^' -nh/—x+\ (6) 

By differentiating twice we find 

y"-nY' = 0; (7) 

and the algebraic equation corresponding to (7) is 

""-«•■•'-» (8) 

The algebraic equation corresponding to the abridged equation 

of whicli the roots are a=n, a= -n. Hence — aa in this case is 
evident anyhow, a = n, and a = — n are two roota of the equation 
of the fourth degree (8). The other roots are obviously a=0 
repeated twice. Hence, Art 136, the general integral of (7) ia 

while the complementary function of (6) ia 
Cje" -I- CV"" 
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will be a particular integral -function of (6). Substituting 
in (8), we find 

and heuee B^ = B^= — ^ 

Thua the general integml of (6) ia 

^ = cie" + ese-" — ^^ 

Example 2. Given 

y" + 8/+16v = 4e'-e^. (9) " 

By differentiating twice we may eliminate e* and e^, and find 

^. + 5f' - ey - 32y + 323' = 0. 

The correaponding algebraic equation is 

a* + 5a'-6a2-32o + 32 = 0; (10) j 

and this equatioa has two roots in common with 

a'+e(i+10=O, 

of which the roots are - 4 and - 4. Hence the remaining two roots J 
of the algebraic equation: of the fourth degree may be determined 
from the equation which results when (10) lias been divided by the 
factor {a + iy, that is, from 

a«-3a+2=0. 
The other two roots of (10) are therefore a = l, tt = 2. 
The general integral of (9) has therefore the form 
y = {B^ + B^-)s-^ + B^ + B^^, 
so that it must be possible to determine B^ and B, in such manner 
"'»'^ B3^ + B,e^ 

IB a. particular mtegral-fuuction of (9). 

By Bubatituting i/ = B^ + B^^ 

in (9X we find 

Bgi^+iBie^+SB^+ieBte''+ieB^+lGBie^ = i^-^; 



LIlfEAR EQUATION OF % 
Thus we find for (9) the general integral 



140. A second method for finding a particular integral- 
function of (1) is that which is commonly known as the 
" Variation of Parameters." To find d(a:) (Art. 138), by 
this method, we first find the general integral of (2) in 
the form (3) ; then, considering the m arbitrary constants 
as variable parameters, by substituting the value of y 
given by (3) in (1), we determine the parameters in such 
manner that (1) is satisfied. 

The m parameters may evidently be subjected to 
(m — 1) arbitrary conditions; and the system of con- 
ditions which produces the simplest result is that which 
demands that all the derivatives of y of an order lower 
than the m**" shall have the same values when the 
parameters are considered as variables that they have 
when the parameters are considered as constants. 

Example. Given ^' + n'^ = X{ji) (11) 

The general integral ot the abridged equation oorreflponding to (11) 
" y^CiWsnx+c^BiuTU!. (12) 

Now, supposing c, and c^ to be variables, we wish to determine 
these quantities in the simplest manner possible, so that (12) will 
be the general integral ot (11). Differentiating (12), we have 



j,+»c,oo.^+™«r-J+.i: 



and thus, in order that y' maj have the same value as if c^ and Cj 
were constants, we must have 

»"S+-'°~S-- <": 

Also, difierentiatiug the equation 

y" = — neiSuiTix+nc^coaTix 
again, we find 

In order that j shall satisfy (11) we must have, therefore, 
(fe, , 



dJ! 



^=J(-^); (1^) 
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and from (13) and (14) we find 

ax ax 

Hence, by two quadratures, 

Ci= — / XsinTia; cLp+aj, c^=- IXao^nxdx+a^'f 

and the general integral of (11) is 

y = — cosnxl Xsin nxdx+~ sin nx I Xcosnxdx-\-aiCosnx+a2Binnx. 

It will be seen that the same result may be obtained directly by 
Art. 146. 

141. It should be noticed that all equations of the 
form 

(a + 6a;)'^3/<"^> + ^ i(a + 6a;)"* - Y«* - 1> 4- . . . 

+Ar^^i{a-kbx)y'+Amy+X{x) = (15) 

may be transformed into linear equations with constant 
coeflScients by the simple substitution 

a+bx = e\ 

t being the new independent variable. 

If, in equation (15), the constant a happens to be 
zero, (15) is called the general homogeneous linear 
equation of the m*^ order. 

Example, The equation 

{a'\-hxfy"-\-A^{a+hxy+A^=0, 
when we assume a+hx=^ 

becomes linear with constant coefficients. For we have 

^-dx~-^^ dt' 

^ -da^^^ \dt^ dtJ' 
so that the above equation becomes 

an equation of the form (2). 



■iinii itl^atik 
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SECTION III. 

The General Linear Equation of the m"" Order in which 

the Coefficients are Functions of x. 

142. It was shown, Art. 12!), that the linear equation 
of the mP" order 

!/<">+Z„.,Wi/<-')+...+Z,(l)y+Z,{a;) = 0, ...(1) 
where the Xi are functiona of X alone, is invariaiit under 
the 9, 

if tf) is any function of x which satisfies the abridged 
linear equation eorrcaponding to (1) 

i/<'»)+Z„_,{a;)2/('»-»+... + Z,(a;)2/ = (2) 

We shall call ^(a;), under these circumatances.aparficutor 
integral-function of (2). 

143. In order to depress the order of equation (1), we 
know. Art. 129, that we must make the substitntiona 



^ A, ihi? ' 



1 d'^v ip' dv ij. 
<p dv? ijj^ du if 



pdu 



-''^-\- -rVi etc. 



H p< 



I 
I 



Now all the terms in (1) which will contain y explicitly 
when the above substitutions are made, are evidently 
included in the expression 

and, since ^ is a particular integral- function of (2), the 
above expression is identically zero. That ia, the equation 
of the (m — 1)**" order, which corresponds to the equation 
(1) in the variables it and v, is also linear. Hence, if a 
particular integral-fumetion, ^x), of the abridged linear 
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equation (2) ia knovm, the general linear equation (1) I 
will admit of the 0^ 

aTid will be linear, of the (m — 1 )" order, when vjritten in J 
the variables u and v by the method of Art. 129. ThitB \ 
the complete integration of (1) may, in this case, be I 
accoTtvplished by the integration of a linear differential [ 
e<iv.ation of the (m — 1)'* order and a quadrature. 

144. If, in particular, m = 2 in equation (1), we see that J 

the general linear differential equation of the second, 1 

order I 

y"+Xlx)y'+X,{x)y+Xlx)=!l (!■) I 

may be completely integrated by two quadratures, whea \ 
a particular integral-function, cj^ai), of the eorres 
abridged equation 

y"+Xlx)y'+X,(x)y = (2') « 

is known. [ 

Written in the variables u and v. Art. 129, (1') becomes | 



in 

dv , V , ^ 
^+X,v+X, 



1^ = 0, 



X^, X^, and ^ being expressed as functions of u. 

The general integral of this linear equation of the 1 
first order ia, Art, 68, 

w = e"l^'"'""'{-fXo(?t)^(?t)e^''*"'"\rf»+Cj}; 

or, restoring the variables x and y. 
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The general integral of this linear equation of the first 
order, that is, the general integral of (1') is, Art. 68, 

!,= ^.){|.-l*"[-|x.W*wJ«"''i.+c.]|+<..}. 

145, The abridged linear differential equation of the 
m*'' order (2) admits of the G^ 

BO that the order of (2) may always be depressed by 
unity by the method of Art. 128; but the resulting 
differential equation of the (m—Vf' order in the vari- 
ables V. and V is usually not linear. 

148. If, in particular, we assume that (2) has constant 
coefficients, and is only of the second order, of the form 
y"-\-Ay'+By = 0, {A, B const.) 
written in u and v, by Art, 128, it becomes 
dv 



--\-i^-^Av+B^(i; 



an equation of the first order which may obviously be 
integrated by a quadrature, when another quadrature 
will give the general integral of the differential equation 
of the second order. In this manner the particular 
integral-function t^x) ra&y be found, — that is, by ascrib- 
ing any numerical values desired to the two arbitrary 
constants in the value of y found. Also, ^{x) may be 
found by Art, 135,' 

When ^x) is known, the general linear equation of 
the second order, with constant coefficients 

y"+Ay'+By+X{x) = 0. 
^B,y, by Art. 129, be written as a linear differential 
equation of the first order in tt and v. The last equation 
may be integrated by a quadrature, Art. 68; when a 
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second quadrature will give the general integral of the 
general linear equation of the second order with constant 
coefficients. 

Hence, since ^{x) may always be found, by Art. 135, by 
algebraic operations, we see that the linear diffurential 
equation of the second order with constant coefficients 
may always he integrated by tioo quadratures. 

For practical work, however, the method of Art. 139 
will usually be found more advantageous. 

Example. Given tlie differential equation 

y" + n*y = coa»w. (3) 

It is seen that ain nx'm& particular iutegral-f unction of the abridged 
equation f + n^y=(i. 

Hence the above differential equation of the second onier adniita 
3.'/ 



and to depress the order of the equatio: 
substitute in (3), 



5 have, Art. 129, to 



i) = b\d njy - 



Tlie iotegral of this linear differential equation of the firet order 
may, by Art 6fl, be found by a quadrature in the form 
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I 



(3)j"'-4y-o. 

(5)ji--12j- + !7>.0. 

(7) j--4oSj' + (o" + i')',.0. 

(9) if+y-ai-a. 
(11) y'+2»y'+reV=o- 



(2) v'-iiy+3»-o- 

(4) f'-y+si-a. 

<6)s"-4^"+%"-4/+j. 

<8)/"+j"+/-*-0. 
(10) j,-'-3s-+4j.O. 
(la) r»-3j" + 3y"-s'.0. 



(13) y'-7y + 12y=x (14) i^-2y"' + 2y-3y+y = l. 

(15)y"-2y"+y=a'. (16) y"+iiy=l+fl;+;i^. 

(17)y--!y+j.<?. (18) y'-3y+2,.j*". 

(19) y" + 4^=a:sin3^. (20) /"- 2/ + 43f = 6*^1)^7. 

Integrate the following equations by the metliod of Art. 141 ; 
(21) iV-a!»'-3,.0. (22) (l+a)'y-4(» + o)y + ^_0. 

(23) j^/'-ay + 2^=a:log^. (24) (aB-l)^"'+(2^- l)y- 2y = 0. 

Integrate the following equations bj the method of Seo. III. : 
(25) {\~3^' +x!/-y=i:(l-^f. (26) f-x^+ix-\)y=^. 
(27) a:3y'+4iy+2y=e-. (28) ay+2y=^. 



(2»)(i-i")/-»y-j. 



')»"-^J'+jrT»^ 



.:c-l. 



Other examples for practice may be found in the EsanipleE 



the ends of Chapte 



CHAPTER XII. 



147. In the first section of this chapter we shall give 
briefly the simplest of the methods which do not involve ' 
transformation groups for integrating certain forms of 
simultaneous systems of ordinary difierential equations. 

In the second section we shall give a general method 
of integration for a simultaneous system in three vari- 
ables, when the equivalent linear partial differential 
equation of the first order in three variables admits of a i 
known G^; while in the thii-d section wo shall give 
an application of the theory developed in the second 
section to ordinary differential equations of the second 
order in two variables. 



Special Mtthods for Inteyrating Certain Forms of 
Svuiultaneovs Systems. 



148, In Art. 23, Chap. II., we gave a method for inte- 
grating a simultaneous system of the form 
dx _ dt/ _ 

that is, we saw that when the first equation had been I 
integrated, — ^by the methods of Chapter IV., — either x or I 
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y might be eliminated from Z, so that a second integral 
of the simultaneous system might be found by integrating 
a second differential equation of the first order in two 
variables. It is obvious, therefore, that a aimultaneoua 
system of the above form may lie completely integrated 
by integrating two ordinary differential equations of the 
first order in two variables. 

149. The general form of the simultaneous system in 
three variables ia 



where X, Y, and Z are usually functions of all three 
variables x, y,z. 

We may write the ratios (1) 



_\dic + iidy + vd3 
~ \X+f^¥+vZ -■ 



where X, fi, v may be either constants or functions of the 
variables. If it is possible to choose \, 
manner that XS+^r+.Z= 



then also 



\dx+/idy+vdz= 



and the integral-function of the total differential equa- 
tion (3), if it may be found by the methods of Chap, VIII., 
will obviously also be one of the integral-functions of (1) 

™'"'.« !!(.,s,.) = c 

is the integral of (3), it is also an integral of (1). 

The second integral of (1) may then be found by inte- 
grating an ordinary differential equation in two variables 
from, say, 

dx_dy 



when z 



9 been eliminated from X and y by n 



192 ORDINARY DIFFERENTIAL BQUATI0N8. 
Exan^tU. Giren the simultaneous system 



The method of the present article maj' be applied twice. If n 
choose ^ /t, V equal to I, m,n respectively, we find 

ldt+mdi/+nde—0. 
If we choose A, />, >' equal to x, y, z respectively, we find 
a:dj:+i/di/ + iiiz~0. 
The integrals of these equations are obviously 
lj- + mT/ + nz = c„ 

and these two equations are the general integrals of the gisren 
ayatem. For the geometrical meaning of the integrals of a simul- 
taueuus system in three variables, see Art. 19. 

150. The general simultaneous aystem in the (ti+1) 

variables Xi x„, t, has, as we know, the form 






dx2_ 






..(4) 



where the Xi, ,.., X„, T, are usually functions of all the 
variables. If we choose any one of the variables, say t, 
OS the independent variable, it will always be possible, 
by diiferentiating these equations a sufficient number of 
times, to eliminate all but one of the dependent variables 
and their differential coefficients. In fact, if no method 
for abbreviating the work suggests itself, we may always 
obtain, by differentiating each of the given equations 
(n — 1) times, exactly -n? equations, which are just suffi- 
cient to eliminate (n — 1) variables with their 71(71— 1) 
differential coefficients. The resulting differential equa- 
tion of the ii"* order in two variables must then be 
integrated ; and from its general integral, and the system 
(4), the values of the other dependent variables may be 
found, giving a system of general integrals consisting, 
Art. 20, of 71 equations involving n arbitrary constants. 
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Of course this method is most appropriate for the 
integration of systems of linear equations with constant 
coefficients, since we then have a definite method, Art. 135, 
for the integration of the system. 

151. Aa an illustration of the preceding article, suppose 
that a system of two differential equations of the first 
order is given, connecting the variables x, y, and t, t being 
choaen as the independent variable. To find the equa- 
tion connecting x and t, we dift'erentiate, if necessary, 
hoik of the given equations with respect to t\ thus 
obtaining four equations connecting the quantities 
d£c dy dhc d?y 

*• ^' lA' Tt' W W 

•di-dt^- The resulting 

equation will, of course, be a differential equation of the 
second order in x and t. 

The general integral of this equation will give x in 
terras of t and two arbitrary constants ; and by substitut- 
ing this value of x in one of the equations of the given 
^stem, y may be found. 

Example 1. Qiveu the Bimnltaneoua Bj-atem of linear equations, 
dx djf dt ,-, 

^3;-s~x+y~T ^ ' 

Theee equations may be written 

and by differentiating the first we find. 



»+'+»-»• 



r, from the first equation, 

4 +4:c = 0. 



IBP ^ 
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The general iDtegral of this liuear differential equation of the 
aecoiid order, with constant coeflicieuts, ie found by Art 136 to be 

x={B,-¥BS'^ (6) 

Substituting tliiii value of x iu 

we find tor y, y={Bi- 3^-^-3^1)6" (7) 

Thus the equations (6) and (7) represent the ajBtem of general 
iiitegralx of (ri). 

Example 2. Qtven the system of linear equations, 

S- + 3^-^' W 

in which the independent variable t occurs explicitly. Difierentiat- ^^| 
ing the first equation, we have . ^^| 

By means of the equations (8) we may eliminate y and -^ from ths-^^H 
last equation, giving 

By the method of Art. 139 the general integral of thia equation 
is found to be 

and thia value being substituted into the first of the equations (8) 
gives us at ooce, 

152. It is clear that the differentia! equation of the 
second order, 

y"-iii{x,y,y') = (i, 

may be regarded aa equivalent to a simultaneous system 
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of equations of the first order in three variables. For we 
have 

, dy „ Ay' . ,. 



D that 



dx_dy _ dy' 



1 



«(ic. v> y')' 



In an analogous manner it is clear that a differential 
equation of the mP' order in two variables is equivalent 
to a simultaneous system of tb difl'erential equations of 
the first order in (m + 1) variables. 

SimCarly, a siinultaneouB system of differential equa- 
tions of an order higher than the first may always be 
written as a simultaneous system of differential equations 
of theji?rs( order in the proper number of variablea 

For example, if in. tne simultaneous system of tlie 
second order 



dt^' 



' dt^ 






Z, 



where X, Y, Z are certain functions of x, y, z, t, — we 
designate by x', y', / the difierential coefficients, with 
respect to (, of x, y, and z respectively, — the above simul- 
taneous system may obviously be written, 

dx_. dy_ , dz_ , 
di~^' d(~^' di~^- 



dx' 



X, 



' dt~ 



Thus the simultaneous system of equations of the second 
order in four variables may be replaced by the simul- 
taneous system of equations of the first order in seven 
variables. 

If the six general integrals of this system, involving 
six arbitrary constants, have been found. Art. 150, the 
elimination of x', y', tf between these integrals will give 
the three general integrals, involving six arbitrary con- 
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stants, of the simnltaneons sj'stem of equations of the 
second order. 

153. A method of integrating a simultaneous system 
of linear equations with constant coefficients and of an 
order higher than the first, analogous to that of Art 150, 
will be sufficiently illustrated by the following example : 

Example, Given the system 

3^=7x+3y, (9) 

g=2x+6y. 
By differentiating the first equation twice we find 

and from this equation, by means of the equations (9), we find 

g-13g+36.=0. ■ 

The general integral of this equation is, by Art 136, 

^ = (ci + C2t)^ + (ca + c^t)^ ; 

and by substituting this value of x in the first of equations (9X 
we find 

y = I C4«e^ + (|c3 + 2C4) es. + ^^^^ _ ^^ j g2e _ ^^. 



SECTION II. 

Theory of Integration of a Simultaneous System in Three 
Variables which is Invariant v/nder a known 0^. 

^ 154. It was shown in Chapter II. that the general 
simultaneous system in three variables, of the form 

dx ^dy ^dz 
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ia equivalent to the linear partial differential equation of 
the first order in the same variables, 



3a: 3y 3s 



(1) I 

and that two independent solutiona of the latter were l 
always two independent integral-functiona of the former, j 
and vice versa. 

Thus we may consider the linear partial equation (1) 
as taking the place of the above simultaneous system ; 
and when we apeak of the equation (1) admitting of, 
or being invariant under a given Oj — an expression 
which we shall immediately explain — we may also, if 
we choose, say that the simultaneous system admits of, 
or ie invariant under the given Q^. The theory of 
integration of this section will be developed, therefore, , 
for the linear partial differential equation (1), using that 
equation as the representative of the con-esponding 
simultaneous system. 

155. A ff J in three variables has the general form 



^-dx 



-(2) 



^dy^'^Zz 

where f , ij, f are functions of the variables 
say that the linear equation 

^f-^l^^%+€=o W| 

— where X, Y, Z are, of course, certain functions of 
x,y,3 — is invariant under, or adinits of the 0^ Uf when, 
by means of the 0^ Iff, each solution of (1) is trans- 
formed (compare Art. 58) into a solution of (1). Thus, 
if wi{x, y, z), iOj(a;, y, s) be two independent solutions of 
(1), using the customary symbolic method for expressing I 
the fact that the transformation Uf is performed upon j 
the function (Ci, the condition that (1) shall be invariant j 
under Uf'iS 

i7waK.«,) i=i,2. ... 



I 

I 
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This condition for the invariance of (1) can, of course, 
only be applied when the solutiona Wj, w^ are known; 
but we snail in the next ai-ticle develop a condition 
which is practicable when Wj and toj are unknown. 

156. The expresBion 

V(Af)-AiVf) 
has a definite meaning ; it means, for the first term, 
piU Af in place, of f, in Uf\ and, in the second term, 
put Uf in place off, in Af. Thus it is seen 



-+'^+fD- 



If the differentiations here indicated are carried out, 
the terms involving differential coefficients of f of the 

second order will cancel out. For instance f^^ will 

occur in the first term with a positive sign, and in the 
fourth term with a negative sign, etc. 

Thus we find the noteworthy symbolic expression 



U{Af,-AlUf) 








j,3X, ax , ,3Z 






-z^'A^f 




-4:- 


ay" 


-4:}| 


, f.SZ, ZZ .f-dZ 


-i- 


3» 


■4M 
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But when it is remembered that 

and that similar expressions hold for TJiY), A{tj}, eta, 
the above identity may be written (putting for brevity 
nX for n{X), etc.,) 

UWj-A{TJf) 

.(ux-Ai)%HirY-A,f^Hlz-AO%...W 

Now if Ml, m^ ^^ the (unknown) solutions of Af=0, 
we must have 

J(»,). -!(»,). 0, 

Hence also 

cr(4(«,)).!7(Aw).o. , 

Further, from (3), if Af^O admits of the Gj Uf, 

4([r(.,)).^(n,(„„„,)).g.4(„,)+gi.4(„,),i = l,2. 

But since Wj, m^ S'^e solutions of Af=0, thia last expres- 
sion must be zero identically. Thus the whole expression 
U(Af) — A(Uf) becomes zero if wi is put in place of /, 
and (4) becomes 

(tix-AO^Hur-A^f^+iUz-Asf^-o. 

i = l, 2 (5) 

Also we know that 

x'^+y'^+z^.o; (6) 

Ba; 3y 32 ' ^ ' 

80 that from (5) and (6) must follow the identities, 
UX~Ai _ UY-An _ UZ-Aj, 

X ~ Y ~ Z ^'' 



I 
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Let the value of the ratios (7) be represented by 
\{x, y, z) ; theii we may write 

UX-A^^\.X, UY-A,,^\.Y. UZ-A^=\.Z. 
Hence from (4) 

fr(^/)-A(fr/).x(z|+7|+4f).x.^/.,..(8)j 

This then ia the condition that a linear partial diff 
entiol equation of the first order shall admit of a given 
G■^^. and it is clear that the condition may at once be 
extended to n variables (including n = 2). It ia customary 
to write (8) in the brief form 

(£/,J).X.A/, (9) 

where the left-hand member of (9) is merely an abbrevia- 
tion for the left-hand member of (8). 

It is easy to see that the necessary condition (8) is 
also sufficient. For if uj; ia put in place of / in (8), we 
obtain 

A{n{_m))'0 (10) 

since the other terms in (8) vanish identically. But (10) 1 
means that U{to,) is a solution of Af= ; that is, if (8) is 
a true equation, the solutions wi muat admit of the trans- 
formation Uf — that is, the differential equation Af=0 
itself must admit of Uf. Hence, the neceaaary condition 
(8) ia also sufficient. 

157. It is evident from (9) and (8) that every expres- 
sion of the form {A, A) or ( U, U) is identically zero, and 
hence the condition (3) that the equation Af=0 shall ■ 
admit of the ff, p . Af, where p is an arbitrary multiplier, 
ia satisfied. But this transformation p . Af, which tella 
us nothing new concerning the equation Af={), and 
which has therefore no value in the problem of Integra- I 
tion, ia said to be trivial with respect to Af^O. This , 
accords with the definition of Art. 60 for trivial trana- J 
formation in two variablea. Such transformations i 
always to be disregarded in our investigations. 
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158. We shall now for the moment write P/ equal to 
zero, and consider the equation Uf=0 aa a second linear 
partial differential equation, and we shall show that if 
the condition (9) exiata, that is, if 



I 



I 



(V,A)a\.Af, . 



..(9) 



t 



then Uf=i) and Af=0 may be put into forms for which 
(U, A) = 0, and ultimately that these equations have one 
aolution in common. 

When the condition (9) holds, and X is not zero, the two 
linear partial equations Uf=0, Af^O are said to form a 
coTiiplete syetem of two membera. When, in (9), X = 0, 
the two equations are said to form a JacoHan system of 
two members. 

For the sake of symmetry we shall asaume the two 
linear partial differential equations of the first order in 
the forma 

AJ=0, AJ=0, 

and shall merely aaaume that they fulfil a relation of 
whicli (9) is a particular case, that is, we shall assume 
that the relation 

(A,. A,).pJ,x. y. =,)AJ+pix. y. £)AJ (11) 

exists. 

If p^ = 0, the condition (11) is identical with (9). 

Aa far as the maintenance of the condition (11) ie 
concerned, we shall see that a condition of the form (11) 
muat stil! hold when the equations Ajf=0, A^=Q are 
replaced by any equationa which are consequences of 
these two, as 

AJ.\.Af+\,.A,f=0.AJ.^.AJ+^,.AJ=0.l,12) 

where Xi, fix are arbitrary multipliera, whose determinant, 
however, 

A = \,/i.2—\.2lli 

must evidently not be zero. 



I 
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Hence 

+ (K-Auii+\ ■ A^^)AJ-i-{\ . A^n^+X, . A^^)AJ 

-{^,.A^\,+tL^.A^\)AJ-{^^.A;K^+fL^.A^\)AJ. 

Since we know that {A^, A-^) = {A^, A^ = ; and since 1 
(as is easily verified) (A^, A^)= —(A-^, A^j.v/hil.e the four 
last terms are affected by coefficients which are functions 
of z, y, z, it ia clear that {A ^f, A^ ie an expression which 
ia linear in terms of A^f and AJ', that is, by means of 
(12), (4^/, A^) is linear in terms of A^f and A^. . 

Thus, as far as the relation (11) ia concerned, it iB ] 
certain that the equations A^=0, A^=Q may be re- 
placed by any equations of the form Aif=0, A^=0, aa 
given in (12). 

Let ua therefore take the two linear partial equations 
in the forms, 

3,/.|-..(.,i,,<-0, Z,/.|-,,(«,s,,,)|=0. (13) 

Here (A,/i, A^f) must still be capable of being written 
as a linear expression in terms of A^f and A^f; but 
when the operation indicated by {A^, A^ ia carried out, 
it will be found by (13) that the reault is free of 
^ and ^ : that is, in the expression 

(i;, j,)=,T,.3,/+T,.3,/, 

when Zj/and ^ij/are chosen in the form (13), we must 
have Ti = Tj = : or, _ _ 

(AJ,A,f)^0 (14) 

Hence, if two linear partial differential equations of 
the first order aatiafy a condition of the form (11), they 
may alwaya be chosen in such a manner as to f 
the condition (14). 
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159. It now remains for us to show that if two given 
linear partial diiferential equations of the first order 
satisfy a condition of the form (14), they must have a 
common solution. 

If w and V be the solutions of A^f=0, it is known 
that the most general solution of A^f—O muat hn some 
function of ii and v of the form Q,(u, v). We now wish 
to determine Q in such manner that it shall also be a 
solution of A^f=0. We have 



?w ' 



^■dv- 



and by means of the relation (14), putting u and v respec- 
tively for / in 

I,(I,/)-Z,(Z,/).0 (U) 

it ia easy to see that, since A^{v-) = A^l^v) = 0, 
MA,(u))^A,{Mv))^0. 

That is to say, Ag(u.) and A^{v) are solutions of A^f=0, 
and are therefore functions of u and v, say, 

Hence . 

2:,(!!(». V)) . ^(», »)|5+^(«, .)^. 

The condition, therefore, that Ji(u, v), which ia a 
solution of A-J'=0, shall also be a solution of A^f=0, 
takes the form 



*(«,- 



= 0. . 



,..(15) 



This is a linear partial differential equation of the 
first order in u and v ; and it is always satisfied by the 
integral function of the corresponding system 
du _ dv 
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If thia JDtegral function be W(v,, v), then W is the 
common solution of A^f=Q and A^f=fA, the existence 
of which was to be proved. Of course TT is a function 

of x,y,z; BO that 

W{x, y, s) = const. 

represents a family of surfaces in space. 

160, We shall now return to our original equations of 
Art. 158, 



W' 






■dx ' 



Y^l^Z^L 



0, (16) 



having proved that the existence of the condition (9), 
that the equation Af=0 shall admit of the G^ O/, means 
that the equations (16) form a complete system — that 
is, that they have one solution in common. 

If 'FT be the common .solution of (16), at any point 
X, y, z on one of the surfaces lP=conat., two tangential 
directions are assigned to the point by means of Uf and 
Af\ and the direction cosines of these tangential direc- 
tions are proportional respectively to f, ij, f and S, F, Z, 
Art. 19. 

If a, (3, y be three quantities proportional to the 
direction cosines of a line perpendicular to the above 
two tangential directions at the point a;, y, z, we have 
Xa+Y^-\-Zy = 0, 

whence, 

a=Kf-,Z. fi = Zi-lX, y.X,-(T. 
If now dx, dy.'ds represent the differential coefEcients 
of the variables x, y, z on the surface Tr= const, 
follows that the relation 

(Ff-^/)(i3;+(Zf-fX)d., + (Z^-fr)cis = 0...(l7) 

must be satisfied by the coordinates of all the points on J 
those surfaces. 



I 
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In other words, the common integral surfaces of the 
complete system Af^ 0, Uf^ satisfy Hie total differential 
equation (17). 

A QiefchcKl for integrating equations of the form (17) 
haa been given in Art. 100, Chapter VIII. If 

W(x, y, 2)=oonet. 

be the integral required, we know that W will be one of 
the solutions of the given invariant linear partial 
differential equation. 

161. Considering one of the solutions of the linear 
partial differential equation of the first order in three 
variables which admits of a known 6, as having been 
obtained, we shall now show that the other solution may 
be found by a mere quadrature. 

To this end let us suppose that W(x, y, z), the solution 
already found, actually contains the variable s — for, of 
course, it must contain one at least of the three vari- 
ables — and in place of x, y, z, let x, y, W be introduced 
as new variables. In these variables Af by Art. 35, 
will have the form 

— r^- ^-^■ 
'■by^ '?iW 

or, since by hypothesis, A{W) = G, 

Af.A..l+Ay.^^. 

Now eliminate 3 from Ax and Ay, and Af will have 
the form 

Analogously, wc find for the transformed Uf, 
Uf.y{x.y.W)^ + Hx,y,W)f. 
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We see that in Af= no differential coefficient with 
respect to W occars at all ; and Uf doea not transform 
this variable ; hence, "H^ plays the rfile of a mere constant, 
and X and y are the only variables. 

The problem has now been reduced to the integration 
of the linear partial differential equation in two variables 
A/=0, which admits of the known 6^, in the same two 
variables, Vf. But as this partial differential equation is 
equivalent to the ordinary differential equation, Art. 16, 

ady-^dx = (i, 

which admits of Uf, the solution can be found, by the 
methods of Chapter IV., by a mere quadrature, in the 
form 

r a(x,y,W)dy-^(x,y,W)dx 

'~}a{x,y, W).S{x,y,W)-^(x,y.W).y{x,y,Wy 

The integration here Ih to be performed as if TTwere i 
constant, and afterward the value of TV" as a function o 
X, y, s is to be introduced. 

We may sum up the results of this section a^^ 
follows : // a linear partial differential equation of th^t 
first order vn three variables admits of a knovm infi/nA'\ 
tesimal transformation wkidi is not tn,vial,itsimtegrationM 
may be accomplished by the integration of a/n ordvawr^ 
differential equation of the first order in two variahla 
together vnth one quad/rature. 

Example. The linear partial differential equation of the £ 
admits of the O^ 



e the application of the criterion (9) gives iu thia a 
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Thua U/=0 and A/=0 form a complete aystem with a aolution 
which ia the integfaJ of the ordiiiiiry differential equation (17). 
The latter equation will be found to re'iuce itself in this case to the 

xsdx+^id^ -{x^+^)di=0, (21) 

when the aubstitutiona X=x^+y^+ffz, ^=x, etc, are made. 

By the method of Chapter Vlll. we find at once aa the integral 
of (21), 



Wix,y,z)^^ 



and it may be readily verified that IT ia re 
Uf=0 and Af=0, since it is found that 

U{W) = A{W) = 0. 
Now we ahall introduce x, y, and IF aa ne 
s by means of 

~iF ■ 



const; 



solution of both 



' variables, eliminating 



■i/-(»'+j'+|y"^+»')J+(^+j"-|.-'-^+j')^-Oi 

Hence, the second solution of Af=0 is 

.i«eK?+?-ii-.(»-s)}. 

If, now, in place of W, its value — in terms of :r, y, £ — be f 
there results finally for the second solution. 



F=log^ 



f'+^(y + 



-^) 



162. A theory of integration of an invariant linear 
partial differential equation in n variables — that is, of an 
invariant aimultaneous system in n variables — analogous 
to the theory of this paragraph for the invariant linear 
partial equation in three variables, might now be developed. 



208 ORDINARY DIFFEHENTTAL EQUATIONS. 

But a diacuaaion, both of that theory and of the method 
of integration to be employed when a linear partial equa- 
tion is invariant under more than one known G-,, must be 
reserved for a later occasion. 

SECTION III. ^H 

Second Method for Ordinary Differential EqvMtiona ^^H 

the Second Order m Two Vanablea. ^^^| 

163. The theory of integration of the last section^^ 
may be readily applied to ordinary differential equations 
of the aecond order in two variablea which admit of a 
known Gj. 

For, Art. 152, it was seen that the differential equation 
of the aecond order 

y"~w{x. y. y')=Q (1> 

ia equivalent to the aimultaneoua systemin three variablea, 
dx^dy^ dy' 
1 y' w{x,y.y') '' ' 

which, in turn, ie equivalent to the linear partial differ- 
ential equation of the first order in three variables, 

^f-i+y%+-i'=.y>y')l^.''' (3) 

Thus, if the differential equation (1) admits of a known 
twice-extended 0^ U"f, the partial differential equation 
(3) muat admit of the once-extended G^, 

that ia, we must have 

(.n',A).X.A/. (4) 
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Thus the condition (9) of the foregoing section is 
satisfied, and the partial diflFerential equation (3) may be 
integrated by the methods of that eection. That ia to 
eay, Art. lUO, if an ordiTiary differential equation of the 
second order in two variables, 

y"-te{x,y,y')=0, 

admits of a hnovrti 0^, the differential equation of the 
second order may be completely migrated by the inte- 
gration of an ordinary differential equation of the first 
order in two variables, and a quadrature. 

Eieataple. Given 

Thia equation niay be written 

'■-{i'i)-«: (» 

and hence (3) has the form 

It may be at once verified that (6) admits of the 6^ ^^^ 

to wliich corresponds the cuce-extended C, ^^^H 

ao that the condition (9), Sec. S, is satisfied, and the equations 

Af=0, Vf=0 (6) 

form a complete system. 

The common solution of the equations (6) must he the integral- 
function of the total equation corresponding to (17), Sec. 2, 

yy'dx-{2y-xi/)dy + xyd!i'=Q (7) 

By Art 99, or Art. 100, the integral-function of (7) ia found to be 
n^,^,r>^f-^ (8) 
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Now introduce x, y, and W^the 
(6)— aa new variablea j thus. 



solution of the eqoationa 






-'1^ 



Eliminating y from Af by means of (6), we fiud 



I 



Now -i/=0, a linear partial equation in the variables x and y, 
admits of Uf in the same variablea ; hence the second solution of 
Af=0 is found by a quadrature in the form 



Thus, eliminating y" between 

■^'^y-^^Ci and 



or as it may be written 

nw^ + )i/ = l, (m, H coiiBtB.) 

which is the form of the complete integral of (5). 

Tliua we aee that (5) represents the a^^ conic aections whose axes 
coincide with the axes of coordinates ; and it is clear, geometrically, 
that this family of to" curves is invariant under the Gj of affine 
tranaf orma tions 

164. The simultaneous systems given in the following 
Examples are simple ; and, for the most part, they may 
be integrated by the methods of both Sec I. and Sec. II. 
Examples (1) to (4) are, however, intended to illustrate 
Arts. 148, 14.9; Examples (5) to (14), Arts. 150-153; 
while the remaining Examples are intended to be treated 
by the method of Sec. II., after it haa been vezified in 
each case, Art. 156, that the given aimultaneous system 
is invariant under the accompanying G,. Examples illus- 
trating Sec. in. may be found at the end of Chapter IX, 
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EXAMPLES. 



. V dx _ dy _dz 
^ ' a^ —y^ — z^^ 2xy~ 2xz 



(2) 



(3) 



(4) 



Idx _ mdy _ ndz 
nin{y — z)~ 7d(z — ai) lm{x—y) 

Idx _ mdy _ ndz 
{m - n)yz '~(n-I)zx'~(l'- m)xy' 

dx _ dy _ dz 



(5\ dx_^_dy_^_da_ 
^ ^ -l 3y + 4z 2y+6z' 



(6) 
(7) 



dx _ dy dz 

z+2y-2x~^-x-6y~ z ' 

dx _ dy _ dt 



{S)^^ + 5x+y=(^;$^+3y-x=e^. 



dt^""^^^"^ , ^^ 






(13) g-3;,.-4^+3=0, g+x-8y+6=0. 

(16) ^—-^-^-^—^ *_; Uf^'^+K 

' x-y-z+2 2(y-x+z) x-y-z' '' ox dz 
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(17) _^,JS_ 






-y ye-j; 1 



(^+y+2s) ■ 






(31 ) Verity that the linear partial differential eqnatioi 
ing to the simultaiiieous ayatem, 

dx dy c 



admits of a O, of the form. 



where a, (8, y are certain constanta, and that therefore the 
ahove simultaneoua system may usually be integratetl by the 
method of Sec. II, 

(22) The method of Sec. II. fails for the preceding example only in 
the caae of Uf being trivial. For what valuea of the con- 
Btantaa„6„...,djisC7triyian What are then the integi^a 
of the simultaneous system 1 

(33) Verify that the linear partial differential equation correspond- 
ing to the simultaneouB ayst^m, 



admits of the G', 



\i X, T, Z are homogetieotts functions of x, y, z; and that 
therefore, when Wia not trivial, the integration of the above 
system may be reduced by the method of Sec. II, 
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(24) Verify that the linear partial differential equations correspond- 

ing to the simultaneous systems in Ex. (16) and (18) admit, 
respectively, of the G^^'s, 

(25) Verify that the linear partial differential equation, 
admits of the O^^ 



answers; 



CHAPTEB I. 



0) ^4 

(6) {l+a^)^+2/=t&n-^x, 

(9> ^'-2;xy + 2y=0. 
(11) JF3y'+(y-^)2=o. 

(i3)y"=7y-%. 

(15)y2(i+y2)=^2. 

(17) l+y2_(y-^y)2=0. 
(19) ^'-:iy+y=0. 



(2) y=^+\^l+y^. 

(4)yyH2^=y. 

(6) a:t/'+y=flogx, 
(8) ^2=l+y'2. 

(10) y'+mV=0. 
(12) ^'-^=3^. 

(i4)y"-2y'+y=c«. 

(16) ry'2= (1+^2)3 

(18) ^y'+;ty2-yy=o. 



(1) m:r2y+cy+2=0. 

(3) log — ^ =c. 

^ ' ^y xy 

(5) cosy =c cos 0?. 



CHAPTER 11. 



(2)(l+^)(l+y)=c. 

(4) 3(a^«-y2)+2(^-y3)=,c. 



(6)log[(y+x/l+/)Vl+.y2]: 
(7) sin2a?+sin^=c. 



X 



+c. 



Vl+a?2 

(8)y=Ci:r; ^2=^2. 

(9) a^-¥y^=c^^; tan-i^ - log « = Cg. 



X 



(10) j;H2/*=V; t 
both aidea, - 



- tan^'2=coiiat., 
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r taking the tangent of 



-zi^cs- (12) .x^c, 

CHAPTER IIL 



jV.S. — Only such invariant points and lines aa are within a finite 
distance from the origin will be taken into consideration. 

(1) No invariant point. An Invariant is Ji(y). 

(2) An Invariant is ilix). 



(3) All points o! 

(4) The origin is 

(5) The origin it 



(8) All points 01 

(9) All points 01 



a the y-axia invariant. An Invariant is ^(y). 
Q invariant point. An Invariant is ^\-\ 
Q invariant point. An Invariant is ( - ). 

(6) The origin ia an iuvariant point. An Invariant is Q^xy). 

(7) The origin ia an invariant point. An Invariant ia il{a^+-g*). 
a the ^-axis are invariant. An Invariant is 12 (■- )■ 

u the j:-axi8 are invariant. An Invariant ia lil"]. 
CHAPTEE IV. 

(4) coa(ni,r+«y)+sin(.u'+my)=c 



(1) x>-%3?y-Qxy^+f=c. 

(3) x+ye'=c 

(6) Vl+a:=+yHtan-'-=c. 

{l)y = c.e--'. 

(9) ^=i^+2cy. 
(11) .r=ce-"'^. 
(13) Bin-'|=log,r+c. 
(15) .r^+y' = Gty, 



(8) ,.c 
(10) !og(.rS+y)=2tan-'-+c 
(12) (y+^)'(y+a:c)==c. 
(14) ly-Z^+c. 
(18) .^-xj+j'+j; 
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(17)(,-»+l)"(,+:.-l)>-0. 


(18) ^tUi.-'!-,;. 


(19) q^.«(,+ 25.). 


(20) ,.cx. 


(81) ,-tf. 


(22) 9^i-log<y. 


(23) xy-^ 


(24) q,+log,Iii(»!,)-log! 


(SS)j-<»-+j4^-l. 


w^-vn5+"^- 


(27) »-tan-ij,-l+«. ,-"■-., 




(28) i-it J+rf.. 


(29)l.»vr:?-i. 


Wi-log'+lf- 





(31) Admits of C9^=2x^+y^. Ana. 1 



(34)y={Wr:^-al->. 

(3B) y-loe'^+^'+ir*- (36) 3={cx+\ogx+\}-'\ 

(37) y=^5^±^^. (38) V=2«n^+4coe^+«.-'-. 

(39) AdmiteofCr/=£g+3,^. Ana |-|];^=c. 

(40)y=c.^. (41)y=c.e'. 

(42) y'-.4cw+c (parabola). (43) p=c.(l-cos^). 

(44) y' = ((.*"+'+c. (46) a^+y' = 2cr. 

(46) /=«'. (47) (a^-y>'-2cy = (parabola). 

(48) ^+3,*=«(;.-c)> (a conic). (49) y=|{(|)"-(f)'}- 

(50) c.3r«(m-l)*+ny. (61) ^!-^=F^). 

(62) ay-y = ^:e). ^ 

CHAPTER V. 

(1) a:*+y*=c* (2) 2x'+y»=<!S. 

(3) g=ex. (4) The system is self -orthogonal. 



(5) j^+y'' = 2aHogx + c. 

(6) The differential equation is homogeneouB ; Iience the 

goual trajectories are, 



(|-.)(.+f+V^) 



(8) Isotliermal. x^+i/^ + q/ + l = 0. 
(8) The system is self-nrthogoiial. 



(10) y-/;^)+con.t. 
(13) ?— i»"»+t. 
<,=,l{e„-.|--^ 



Jp'<l-(j>) 
f + const. 



CHAPTEB VI. 

(1) <y-2a; + c)(y-3.c + o) = 0. (2) y = c.e", y = <:.e-". 

(3) (^+c)(:^ + c)=0. (4) (:>^-2y+c){^^■+^/-ly■^ci^0. 

(5) {y+c)(y+:iJ'+e){:^+(3'+l)=0. 

(6) ffHm'x+2cj/+e'=0. 

(7)Admit8 0fF/^{l+:.)g+3/^. 

General iutegral, c=+2c{l+ai+y)+(l+j;-yy=0. 
Singular aolutiou, y = 0. 

(8) y^ = 2cjr+c*. Singular solution, .r^+y^ = 0. 

(9) a:' + o(a;-3i/) + c2 = 0. Singular solution, {x + Zi/)(ji:-i/) = 0. 

(10) a7'+^=-4M: + 3i!!=0. Singular solution, x^-Zy^^Q. 

(11) y = - + c'. Singular solution, l + ir"^ = 0. 

Admitfl of iy=a;^-2y^ 

(12) 2^=0^+-. Singular solution, y'=(M'*. 

(13) a; + \'o''+4fry = alog((T±Vii' + 46y) + e. Singiilar8olution,,!/ = 0. 
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(14) Admits of Uf=x'^^+^y'^. 

Greneral integral, 

Singular solution, a^ + x^y — Ay^ = 0. 

(15) {yVj^Z^_-r2iogl^±^^!i:^|'=(y2+^log(^^^ 

Singular solution, 07=0. 

(16) 4(x+cy+(x+cy-'lSy{x+c)-21y^-4y=0. 

Singular solution, y=0. 

(17) y2 = 2ca? + c^. Singular solution, a^+y^=0. 

(18) x+l=±»j2y+c+log(±<s/2y + c-l), 

(19) e^+ 2cx^ + c^ = 0. Singular solu tion, a? = ± 1 . 

(20) c{na!^+2y^±a;sfn^a;^+4^my^''={(2m-'n)x±'JnV+4my^}^, 

(21) (x^-y^+c)(ai^-'y^+ca^)=0. 

(22) (y-^-c)(a?2+y2--c)=0. 

(23) .i;^ = c(y — c). Singular solution, y = ± 2x, 

(24) Admits of Cy = xJ- + 4y ^. General integral, y = (^(x - c)^. 

Singular solution, a?*-16y=0. 
(26) (y + cy =^x{x — a)(x'- 6). Singular solution, x{x -a){x-h)=^ 0. 

(26) c2 + 2ca?(3ay - 8^) - Zx^a'h/^ + a^ = 0. No singular solution. 

(27) Admits of £y=.r^+4y^. Singular solution, y=—j-. 

CHAPTER VII. 

(1) The answer is given by (11) in connection with (12), Art. 91, 

since X=l. 

(2) The answer is given by (11) in connection with (13), since A. =2. 

(3) Use (14) and (16). General integral is : 



3y:r*+3a7^+y 



Zyx^-{-Zx^-{-y 
(4) and (6). See Art. 92. 
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(6) y^cx-\ — . Singular solution, y^ = mx, 

c 

(7) y^cx+'s/W+c^. Singular solution, — +|^=i. 

Cb O 

(8) y=cx+c-c^. Singular solution, 27^^=4(1 +^)^ 

(9) (y - ca?)^ = 1 + c^. Singular solution, al^+y^^l, 

(10) y = c(;r - 1) - c^. Singular solution, 4y=(x- 1)*. 

(11) (y-ar)2+4c=0. Singular solution, 07^=1. 

(12) (y- cx){ac -h)= abc. Singular solution, ( - j if?) = 1- 

(13) ^'+y^=a^. A parabola. 

(14) a:^+y*=J. 

(15) xy = -^. Equilateral hyperbola. 

(16) ^ = 4a(a - y). A parabola. 

CHAPTER VIII. 

(1) yz+za!+a:y=c. (2) ^±^^=c. 

(3) ^+2y2-6:Fy-2a?-j+22=c. 

(4)-+- + ^=c,. (5)^=-i_+c. 

^ ' X y z ^ ^ ' y+a 

(6) y(:p+x^)=c(y+4 (7) &^\x+y-{-z^)=c. 

CHAPTER IX. 



(1) y'^=x^-\'CyX-\'C^ (2) Ci2- 2ci^+2^2 -CgCl -^)=0. 

6 



(3) y=(:p-2)e*+Ci:p+C2. (4) y=^ -sin^p+Ci+Cga?. 



(5) ay = iJ^ax — .a?*^ + Ci^p + Cg. 

(6) Fory=+ay flW7=log(y+\/yHci)+C2 ; 

for y = - a^, oa? = sin~^ + C2. 

(7) (c,^+C2)2+a=Ciy2. (8) 3a;=2a^(/-2q)(/+Ci)*+C5, 
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2-9/ « « 

(9) -^ =(?!«« +Ci~^e~« + (;2- (10) c^=^qob(;x+c^, 

11) y=logsin(^-c,)+C2. (12) (a?+Ci)2+(y+C2)2=a2 

13) y = Cil0g:F+C2. (14) y = ^+^/(Ci) + C2. 

15) y=c^X'\-(c^'\-\)\og{ x-c^) -\-c^ 

16) y = :i7 + Ci{8in~^;r + Wl - ^^j + Cg. 

18) y=CiVSr:^+^+C2. (19) ^±^=e*'i(«+«^. 

20) logy=l +— L^. (21) y=^>+c^. 



c 



2 



22) y = - log(c2 - Ci log x). (23) 2^ = Cj^ + ^ 

24) Cia;2^ ^^2^2=1, (25) a^^-y^^CyP '. 

26) ^+2ci^+y«+2c2y=0. (Admits of Uf= -2/^+^^-) 

27) Ci2^2_iog^2=4c^(^^.C2). (28) Ci/-^(^+C2)2=l. 

29) (y-C2)2+(^+aCi)2=a2. 

30) (a) y2+^=2ci^+C2 ; 
(6) ^ = C2 + Ci log {y+ \Ay2 - c^^ } (a catenary). 

31 ) (a) :i7 + ^2 = Ci vers~^^ - \/2ciy -y^ (a cycloid). 

(6) (^ + C2)* = 2ciy - Ci^ (a parabola). 

32) It is geometrically evident that the family of curves admit of 
the translations Uf= ^. 

oy 

33) It is geometrically evident that the family of curves admits of 

the group of similitudinous transformations 

CHAPTER X. 

X 

(1) y=Ci'^C2X+c^+a^\ogx. (2) y=Cie'*+C2X+c^ 
(3) y=Ci + c^+c^+c^a^-(x+af\ogJx+a. 
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(4) y=Ci+c^+c^-\'C^3i^+xco^x-4imiix. 

(5) y^c^(}ogx-\)X'\-c^+c^-]rc^. 

(6) y = Cj '\-c^'\-c^'^ + c^a^ + e~* cos a?. 

(7) y:=^Ci'\-c^+c^+ +c„^-^ + (^-w)e*. 

7 cos X cos J7 

(8) y=c^'\-c^+c^+—^ 2^. 

(9) y=^-sin^+Cia;2+(j^^^g, (XO) See Art. 132. 

(12) 2y\/^=(:F + C3)V(^ + C3)2 + Ci2 + Ci21og(^ + Cs + \/(.r + C3)2 + Ci2) + C2. 

(13) y=Cilog^+C2a;2+C3a7+C4. 

(14) 122^=(:p+C3)3+Ci(^+C3)- 6(^+03) log(a?+C3) + C2. 

CHAPTER XI. 

(1) y^c^^'\-c^-^, (2) y-^c^i^^-c^^, 

(3) 2^ = c,e2« + cac-^ + C3. (4) y = CiC^* + c^"^ + CgC*. 

(6) y=Cie*»+C2e-»'+C3e*^Hc4e-*^. 

(6) y=e'(ci + C2^+C3^+C4^). 

(7) y = e2«*«{c, sin (a^ - ft^) -^ + c^ cos (a^ - ft^^^}. 

(8) ye* = Cj . 6^ + C2 sin irV2 + c^ cos W2. 

(9) y = Ci. e*^^+ 026""*^+ C3 sin 2^+04 cos 2x, 
(10) y=Cie-*+(c2+C3a?)e2«. 

(11) y = (Ci + C2J?) cos 72^ + (Cs+C4a?) cos 2:17. 

(12) y=(ci+c^+c^)e'+c^, (13) y=Cie»*+C2e*'+^^i^. 

(14) y = Cj sin ^+C2 cos :i7+(c3+ 64^17)6* +1. 

(15) y = \Ci+c^+jje'+c^, 

(16) y=Cismwa? + C2COS72^H 2 i* 
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(17)y=(ci+cia?+|-je«. 

as^ v-c ^+c e^+ ^^- - (2w_-3)e- 

(19) y=^c,-jgjsm2j?+(c2-^jcos2^+|. 

(21) y=Cia;3+^2. 

(22) y=Ci(^+a)2+C2(^+a)3+?^±^. 

(23) i/=x(ci sin log ^ + C2 cos log ^ + log ai), 

(24)y=(2a?-l){ci+C2(2^-l)~+C3(2^-l)"~}. 

(25) A particular integral-function is x. 

General integral : 

y= -|<l-^)*+Cj{^sin-i^+(l-:r2)i}+c2^. 

(26) A particular integral-function is e*. 

General integral : 

y = e« { [e~~2~( J :i7e~2~"da7 + Ci ) cJr + C2 } . 

(27) A particular integral-function is -. 

General integral : y==— + 2 • 

(28) A particular integral-function is -. 

a^ 
General integral : y = c^ -h C2log ^ + j . 

(29) A particular integral-function is e"*^~**. 

General integral : y=Cie''*^"''+C2e*^"**. 

(30) A particular integral-function is e*. 

General integral : ^ = Cj 6* + Cj^ - (^ + ^ + 1 ). 
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CHAPTER XII. 

(4) a;+y+2=Ci ; xyz^c^ 

(5) y=-2cie"*+C2e~^'; 0=Cie-*+C2e"^'. 

3^ ^ z 2z^ 

(7) 2j?=(2c2-Ci-C20e ^; y=(ci+C20« *• 

(8) ^=(c,+C2<)e-^--+~; y=-(ci4.C2+C20«-''+36+25- 

(10) ^=(ci8in<+C2COS«)e-^+ 2g--Y=; 

2^ 6 

/,1V -r^ -« 29tf'^19« 56. 

(11) ^=Cie-'+C2C-* — 7~ "3 — "9^ 

-tj^A -«_l24€* 17^56 

(12) x=CiBmnt+C2Cosnt; t/^c^+c^t-x, 

(13) x==^ie^+4c2e-^+c^^^+c^e'*^'' + h 

(14) y=:(ci+CaA-)e*+3c3e 2__. 2=2(3c2-Ci-C2^)e*-C3e-2"-J. 

(15) y+20=Ci; 2^+y-2log(:p-y-0+l)=C2. 

(16) e*»'+6^=Cj; :i?+y-log0=C2. 

(17) ^-y=Ci ; ^2:+y2+^=C2. (18) i/+oi;z=Ci ; ^+^2:=C2. 

(19)^=010-^3; y^c^-CyTr^—^ 
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(20) ^-y=Ci; 

(22) The Gi is trivial for 

7 C(| Cv^ 0/9 

01 = ^2 = ^= ^=j3=-' 

with the rest of the constants zero. The integrals in this case are 

— — ^=const, ^^—-^= const. 



